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Abstract 

The main objective of this thesis is to characterize and investigate single-phase liquid flow in 

microchannels, and can be divided into two parts: analytical modeling and experimental 

investigation. In the analytical part, velocity distribution and Darcy friction factor of liquid flow 

in both parallel-plate and rectangular microchannels were revised theoretically by taking into 

account the effects of slip boundary conditions as well as the aspect ratio of the channels. For the 

case of parallel-plate microchannel, generating mechanism of slip was attributed to the existence 

of a low-viscosity region between the liquid and the solid surface. Two different cases were 

considered based on the pressure gradient: a) re-circulating air region, where the net flow rate of 

gas phase was zero; b) reduced viscosity gas region, in which pressure gradient was assumed to 

be the same at both phases. It was found that the slip length in both cases was directly 

proportional to the ratio of liquid-to-gas viscosity as well as the air gap thickness. Unlike other 

studies which used empirical values of air gap, here, equations describing this parameter were 

derived based on different ranges of Knudsen number for the case of reduced viscosity region. 

For the case of rectangular microchannels, new analytical forms of velocity distribution, Darcy 

friction factor and Poiseuille number in laminar liquid flow in rectangular microchannels were 

derived using the eigenfunction expansion technique. Three different boundary conditions (BCs) 

were considered: no-slip BCs, constant slip BCs, and general Navier slip length BCs. Due to the 

symmetry of the solutions, the effects of changing the aspect ratio from 0 to Ð were also 

discussed. Using finite element method (FEM), the obtained analytical results for the case of no-

slip BCs were further compared with the 3D numerical simulations for the rectangular 

microchannels with no-slip BCs and different ranges of aspect ratio and pressure gradient.  
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In the experimental section, an important geometrical parameter of the hydrophobic micropillar 

surfaces termed as eccentricity, the center-to-center offset distance between successive columns 

of a square lattice of micropatterned surfaces, both micropillar and microhole arrays, was 

introduced. First, the combined effects of changing relative spacing, eccentricity, and viewing 

directions on the wetting conditions of the fabricated micropillar surfaces were experimentally 

investigated. The contact angle distribution was found as a periodic function of viewing angle 

whose period depends on the micropillar eccentricity. The results showed that anisotropy 

increases by increasing the micropillar normalized eccentricity, ‐ᶻ, or decreasing the pillar 

relative spacing, Ὀᶻ. However, the effect of changing the micropillar eccentricity was much more 

pronounced. Micropillars with ‐ᶻ ρȢππ and smaller Ὀᶻ showed maximum degrees of 

anisotropic wetting and droplet distortion corresponding to 7% and 15%, respectively. Using the 

measured droplet aspect ratio, corrugated shapes of the three-phase contact line of the 

micropillars were also reconstructed. Finally, a simple yet effective semi-analytical model, based 

on Fourier series curve-fitting of the experimental data, was developed to describe the 

equilibrium 3D shape of the droplet on anisotropic surfaces.  

Subsequently, the wettability of microhole structures fabricated by replica molding of 

polydimethylsiloxane (PDMS) was analyzed by measuring both static and dynamic contact 

angles. It was found that wetting conditions can be controlled not only by changing the 

normalized widths but also the eccentricities. Generally, increasing the micropattern eccentricity 

increased the contact angle hysteresis. The effect of changing the eccentricity was more 

pronounced for large normalized width microhole arrays. In particular, for the case of Ὀᶻ τȢφ 

increasing ‐ᶻ from 0 to 2.6 increased the contact angle hysteresis from ρψȢχЈ to σφȢυЈ.   
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Dependency of the contact angle hysteresis on microhole eccentricity was explained by the shape 

of the three-phase contact line on microhole configurations.  

Finally, owing to the advantages of the microhole surfaces, a series of experiments was 

performed on the microchannels fabricated from such hydrophobic microhole arrays, and the 

drag reduction efficiency was evaluated. The results indicated that the impact of microhole 

eccentricity on drag reduction performance correlated well with the contact angle hysteresis, 

rather than the static contact angle. In particular, on the microchannels fabricated from microhole 

surfaces with the minimum contact angle hysteresis of ρψȢχЈ, the maximum percentage increase 

in the relative velocity, i.e., 39 % and maximum slip length of ςȢτω‘ά were observed. For the 

same normalized width, increasing the normalized eccentricity eventually reduces the percentage 

increase in relative velocity and slip length down to 16 % and πȢωρ‘ά, respectively. The 

obtained results were in qualitative agreement with the existing theoretical and numerical 

models. These findings provide additional insights in design and fabrication of efficient 

micropatterned channels for reducing the flow resistance. 
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Chapter 1 : Introduction 

1.1 Background  

Microchannel is a basic component in drug delivery devices, micro-electro-mechanical-systems 

(MEMS), lab-on-a-chip systems, and other microfluidic components. Large surface-to-volume 

ratio (SVR) of microchannels makes them an excellent choice for compact and efficient heat 

exchangers in electronic cooling devices [1-3]. In biomedical and chemical sciences, 

microchannels are used to deliver and analyze the micron sized biological and chemical 

substances [4]. Therefore, complete understanding of the flow characteristics in microchannels is 

essential to improve the performance of such an interdisciplinary field.  

 Incorporating plastic and polymer based materials such as poly-methylmethacrylate (PMMA) 

and poly-dimethylsiloxane (PDMS) besides silicon and glass facilitates the microchannel 

fabrication techniques greatly. Nevertheless, theoretical models governing small-scale domains 

have not been progressed as rapidly as their fabrication techniques. In other words, fundamental 

hypotheses, which conventional theories are based on, need to be reconsidered carefully when 

working in microscale domains otherwise unacceptable deviations from experimental results 

would occur. For instance, the continuum assumption in modeling gas flows in microchannels is 

not valid due to the comparable size of the system with the mean free path of the gas molecules.  

1.2 Validity of Conventional Flow Theories in Microchannels  

To verify the applicability of Navier-Stoke (N-S) equations in microchannels, liquid flow rate 

can be measured at the imposed pressure difference along the given length of the microchannels. 

The obtained results can then be compared to that predicted by N-S equations. Alternatively, 
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Poiseuille number, the product of the friction factor and Reynolds number, can be determined  by 

gradually increasing the pressure differences and recording the corresponding values of the flow 

rate. For laminar flows, conventional fluid dynamics theories state that this number should be a 

fixed value regardless of channel roughness. However, based on the prior experimental works in 

the literature, there is a lack of consensus regarding this.  The main sources of the discrepancies 

of these experimental data might be related to the following issues [5]: 1) difficult y in measuring 

the microchannel dimensions before and after the experiment accurately; 2) experimental 

difficulties in precise measurements of the flow rate and pressure drop along the microchannel 

length; 3) evaluating near-wall surface effects of the microchannels. The first two experimental 

difficulties give rise to the uncertainty of the experimental results and can be minimized by 

appropriate selection of the test instruments. However, the prime reason of these discrepancies is 

due to the dominant channel walls effects in the flow through microchannels. As the 

characteristic size of the channel is reduced, surface effects become more pronounced even in the 

laminar region. This implies that depending on channel wall conditions, drag forces on the 

microchannels can be greater than, equal to or even smaller than corresponding values in 

macrochannels. Accordingly, three different microchannel wall surfaces are distinguishable as 

shown in Figure 1-1.  

 

Figure 1-1: Schematic presentation of three different microchannels wall surfaces: (a) Atomically 

smooth walls. (b) Naturally rough walls. (c) Microstructured rough walls. 
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As illustrated in Figure 1-1(b,c), roughness ratios of the solid wall might cause the near-wall 

flow to behave differently. . In the first scenario, liquid might penetrate into the cavities, as 

shown in Figure 1-1(b), and this is known as noncomposite state. Conversely, liquid may stay 

atop of the roughness, as shown in Figure 1-1(c), and this is known as composite state. 

   Larger values of the frictional losses in the microchannels can be attributed to the large values 

of relative roughness (roughness amplitude divided the channels height) especially in the 

noncomposite state. It should be noted other micro-scale effects in extremely small 

microchannels, typically smaller than ρπ‘ά, such as electroviscous [6] and pressure-dependent 

viscosity effects [7]  can also give rise to the frictional losses. 

On the other hand, frictional drags in microchannels can be smaller than those in the 

macrochannels mainly as a result of slip between the liquid and solid surface. For the case of 

atomically smooth surfaces, two situations may lead to slip, namely very high shear rate flows 

and hydrophobic channels. In the first case, repulsive forces induced by the high shear rates may 

overcome the attractive Van der Waals forces at the solid surface and lead to intrinsic slip. For 

the water flows this happens when the shear rate is higher than ρπ ÓÅÃ . In the case of 

hydrophobic channels, presence of tiny bubbles near the solid walls might act as a cushion. This 

can lead to an apparent slip of the flow at the vicinity of the solid walls. For instance, wall slip 

velocity up to 9% of the free stream velocity was observed for water flows in hydrophobic 

channels at moderate shear rates [8]. For microengineered surfaces shown in Figure 1-1(c), the 

effective contact areas between liquid and solid are greatly reduced and are replaced with air 

pockets. That means, the liquid is in contact with periodic no-slip and shear-free regions, and 

therefore, the frictional losses can be effectively reduced. These results imply that microchannels 
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surface conditions can greatly affect the liquid flow even in the laminar region, and careful 

characterizations of these surfaces are essential to obtain accurate results. 

1.3 Objective of the Current Project  

Recently, implementing the microstructured surfaces in microchannels as the passive method to 

reduce the frictional losses in laminar flow has attracted many attentions. Fluid flow 

characteristics at relatively large Reynolds number (typically, σπ ὙὩ υππ) in microchannels 

made from periodic arrays of alternating microgroove and microrib as well as aligned micropillar 

structures were extensively evaluated. 

The main objective of this thesis is to advance the current understanding of single-phase liquid 

flow in microchannels. Classical theories describing the hydrodynamics of the liquid flow will be 

modified to account the effects of slip boundary conditions as well as the finite aspect ratio of the 

microchannels. An important geometrical parameter of the micropatterned surfaces termed as 

eccentricity is introduced. Subsequently, the combined effects of changing the micropatterns 

relative spacing and eccentricity on both isentropic and anisotropic wetting conditions will be 

evaluated. Novel techniques used to depict the corrugations of the three-phase contact line 

shapes of these surfaces are presented and discussed. Finally, a series of microchannels are 

fabricated from these micropatterned surfaces, and the volume flow rates at the different 

hydrostatic pressures are found experimentally for low Reynolds numbers. The effects of 

micropatterns eccentricity and spacing as well as the aspect ratio of the microchannels on slip 

lengths are discussed, and conclusive remarks are presented. 

1.4 Scope of the work  

In Chapter 2, a comprehensive literature review regarding wetting analysis of micropatterned 

surfaces as well as liquid flow characteristics through the microchannels made from such 
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hydrophobic surfaces is presented. In Chapter 3, Newtonian liquid flow in parallel-plate 

microchannels made from two different channel walls with unequal wettability and surface 

conditions will be evaluated. The classical formulas for velocity, flow rate, and shear stress will 

be revised to incorporate the effect of slip velocity near the solid walls. In addition, for the case 

of hydrophobic microchannels with air flows at the top and bottom, the previous works are 

modified by proposing the estimated value of air fraction thickness for different ranges of 

Knudsen number. In Chapter 4, analytical and numerical models of liquid flow in rectangular 

microchannels are presented. In particular, the effect of aspect ratio of rectangular microchannels 

is evaluated using the two-dimensional solutions in terms of dual finite series. Also, the solution 

is extended to the cases of a constant slip velocity at the bottom wall by superposing the 

eigenfunction expansion method with the separation of variables technique as well as general 

Navier slip length boundary conditions. In Chapter 5, the fabrication processes of the 

micropatterned surfaces at different values of pillars/holes eccentricity and relative spacing are 

described in details. Furthermore, the detailed experimental procedures to fabricate and 

measuring the mean velocity of microchannels made from such hydrophobic surfaces will be 

described. Chapter 6 is dedicated to the results and discussions of the both wettability analysis of 

the micropatterned surfaces and drag-reduction performance of the hydrophobic microchannels. 

Wettability of such surfaces is analyzed by measuring the values of static and dynamic contact 

angles of single droplet. Results of changing the micropatterns eccentricity and relative spacing 

at different viewing directions are also presented. Finally, two simple yet effective methods to 

depict the corrugations of the three-phase contact line for anisotropic surfaces will be also 

proposed. Then, the results of the pressure driven flow in hydrophobic microchannels will be 

presented, and the relation between the microchannel slip length and micropatterned surface 
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wettability, in particular eccentricity, will be thoroughly discussed. Finally, the conclusion and 

summary of the key findings of this study are presented in Chapter 7. Recommendations on 

future work are also presented in this chapter.    
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Chapter 2 :  Literature Review * 

2.1  Introduction  

One of the challenging issues in the domain of micro/nanofluidics is the proper formulation of 

liquid-solid interaction. Interpretations of the experimental results critically depend on the 

precise evaluation of the liquid close to the solid wall. Furthermore, deriving the final form of 

fluid flow in any channels is not possible unless the interactions at the liquid-solid interface, 

known as boundary conditions (BCs), are well defined. Also, wetting property of a surface 

represented by a contact angle is an important factor affecting the near-wall liquid flows. 

Experiments showed that the amount of slip on hydrophobic (low energy) surfaces is much 

higher than that on hydrophilic ones. Therefore, it suggests that there should be a relationship 

between the slip length (microscopic property) and wetting conditions (macroscopic property) of 

a surface. This chapter covers a review of different approaches used to analyze the wettability of 

roughness-induced hydrophobic surfaces as well as theoretical models describing the drag-

reducing ability of such hydrophobic surfaces. This chapter is divided into five sections. In the 

first and second sections, isentropic and anisotropic wetting conditions of micropatterned 

                                                 

* This chapter was partially published in the following journal papers: 

ü N. Kashaninejad, W.K. Chan, N.T. Nguyen, ñEccentricity effect of micropatterned surface on contact angleò 
Langmuir (American Chemical Society-ACS), 2012, 28 (10), pp 4793ï4799. DOI: 10.1021/la300416x  

 

ü N. Kashaninejad, N.T. Nguyen, W.K. Chan, ñThree-phase contact line shape and eccentricity effect of 

anisotropic wetting on hydrophobic surfacesò, Soft Matter, 2013, 9 (2), pp. 527-535, 

DOI: 10.1039/C2SM26963E 

 

ü N. Kashaninejad, N.T. Nguyen, W.K. Chan, ñEccentricity effects of microhole arrays on drag reduction 

efficiency of microchannels with a hydrophobic wallò, Physics of Fluids (American Institute of Physics-AIP 

Publisher), 2012, 24 (11),pp. 112004-18, DOI:  10.1063/1.4767539 

http://dx.doi.org/10.1039/C2SM26963E
http://link.aip.org/link/doi/10.1063/1.4767539
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surfaces are reviewed. A brief historical review will be presented in the third part regarding the 

concept of slip length. In the fourth section, parameters influencing the effective slip length of 

superhydrophobic surfaces will be discussed in details. The last section contains the summary 

and outlook of this chapter. 

2.2 Review of the Available Works  for Quantifying Isentropic Wetting 

Conditions of a Microstructured  Surface 

Evaluating the contact angle behavior of a solid surface is of great importance for many 

practical applications such as self-cleaning coatings, surface tension driven flow in micro-

electro-mechanical-systems (MEMS), and drag reduction of film liquid flow in 

micro/nanochannels. It is well-known that micro/nano arrays of pillars on a surface can greatly 

affect the contact angle. The wetting properties of artificially roughened surface referred to here 

as micropatterned surface have been evaluated extensively in the literature [9-14]. Two extreme 

situations may occur on these micropatterned surfaces. First, the droplet may penetrate into the 

gap between the pillars known as noncomposite state; and second, the droplet may stay on top of 

the pillars enclosing air pockets termed as composite state. The noncomposite and the composite 

states were evaluated by Wenzel [9] and Cassie-Baxter [15], respectively. The contact angle was 

determined as a function of intrinsic contact angle as well as roughness geometry with 

parameters such as roughness factor and wetted area of solid fraction. Figure 2-1 illustrates the 

side view of a typical micropatterned surface with geometrical parameters such as width (top ὒ, 

bottom ὰ), base angles (top ɻ, bottom ), height –, and spacing Ὀ. In the same figure, ‒ depicts 

the height of an air gap underneath the liquid drop, which is 0 for noncomposite state and Ὤ for 

composite state.  
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Park et al. [16] reported that depending on the relative values of pillar spacing and heights, 

observed wetting states could be considered as mixed wetting state, i.e., π ‒Ⱦ– ρ, . The 

liquid-air meniscus could either be convex or concave for hydrophobic or hydrophilic pillars, 

respectively. Chen et al. [17] introduced a dimensionless number as a function of pillar height 

and size, and experimentally showed that a large apparent contact angle is achievable with this 

number larger than 4 and a small solid fraction. Öner and McCarthy [18] investigated the 

dynamic hydrophobicity of extensive micropatterned surfaces and reported that as long as the 

length scale of the square micropillars, with the equal spacing and size less than σς‘ά, 

composite state with large contact angle and small contact angle hysteresis could be obtained 

regardless of the pillar height. They also observed that changing the pillar shape would affect the 

dynamic contact angle which is not predictable by the Cassie-Baxter theory. Extrand [19] 

introduced two criteria ensuring the composite state, namely, the contact line density and the 

asperity height. To identify the role of the factors determining the wettability condition of the 

micropatterned surface, Li and Amirfazli [20, 21] performed a comprehensive theoretical work 

based on free energy and free energy barrier of a metastable energy state, which was the 

simplified version of the three-dimensional approach previously proposed by Johnson and Detree 

[22]. The obtained analytical formula clearly explained how geometrical parameters of a pillar 

affect the wetting conditions [21]. Li et al. [23] extended the previous analysis for the trapezoidal 

micropatterns and concluded that pillar base angle ɻ in Figure 2-1 was also important in 

determining the transition from the composite state to the non-composite one.  
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Figure 2-1: Illustration of micropatterned surfaces with the pillar parameters introduced in the 

literature.  

The applicability of Cassie-Baxter and Wenzel theories were supported but in some cases 

questioned by various researchers over the years [24-37]. From the thermodynamic point of 

view, the contact angle on any surface can be determined by minimization of the Gibbs free 

energy, Ὃ, whose change can be formulated as follows [38] : 

 ὨὋ  Ὠὃ  Ὠὃ  Ὠὃ ЎὖÄὠ ὯÄὰ               (2.1) 

where  denotes the interfacial surface energy and subscripts Ὓ, ὒ and ὠ correspond to solid, 

liquid and vapor phases, respectively. The change in volume of the drop Äὠ,  as a result of the 

change in the Laplace pressure Ўὖ, is negligible for incompressible substances. The line 

tension or energy per unit length Ὧ is associated with a length increment in the three-phase 

contact line Äὰ. The effect of changing the three-phase contact line has been neglected in 

derivations of the both Cassie-Baxter and Wenzel formula and is the main reason of the long 

dispute in the literature regarding these theories. For example, Chen et al. [39] demonstrated that 

surfaces with the same solid-liquid area fractions can have different contact angles which proved 

the importance of the three-phase contact line. Similarly, Extrand [40] showed that interactions 
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at the contact line and not the contact area control wetting of heterogeneous surfaces. Gao and 

McCarthy [28] also showed a large deviation between experimentally measured contact angles 

and those predicted by the Cassie-Baxter equation. Anantharaju et al. [41] experimentally 

compared two situations differing only in the microstructure of the roughness. Their results 

showed that the contact angle on surfaces with microholes was independent of the void fraction 

due to the continuity of the contact line. 

2.3 Review of the Available Works  for Quantifying Anisotropic Wetting 

Conditions of a Microstructured  Surface 

In contrast to isotropic surfaces, the contact angle varies along different viewing angles on 

anisotropic surfaces. Directional dependency of the contact angle known as anisotropic wetting 

is prevalent in nature such as allowing water droplet movement along the edge of rice, pandanus 

(screwpine) and bamboo leaves [42-44] , and rolling off (pinning) of drop along (against) the 

radial outward direction of the central axis of the butterfly wings [45]. In general, asymmetry of 

either surface chemistry or surface morphology may lead to directional dependency of the 

contact angle. Accordingly, two methods can be devised to artificially fabricate anisotropic 

surfaces, namely one-dimensional (1D) and two/three-dimensional (2D/3D) methods. In 1D 

approach, periodic planar regions of alternating hydrophobic and hydrophilic strips are formed 

using chemical coatings on macroscopically smooth surfaces. The wettability of these surfaces 

was analyzed experimentally, theoretically and numerically [46-52]. In 2D/3D approach, rough 

surfaces with asymmetrical micro/nano protrusions are fabricated as a result of highly advanced 

micro/nano fabrication techniques such as optical/interference lithography, embossing and 

imprinting, wrinkling, etc, for 2D features [53, 54] and inclined/multi-photon lithography, metal 

assisted chemical etching, elastocapillary self-assembly, etc [54], for 3D geometries (defined as 
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high aspect ratio and variable vertical direction geometry such as zigzag and helical pillars). 

Moreover, by fabricating gradient surfaces whose chemical and/or topographical features can be 

gradually changed, unique anisotropic properties such as controlling the drop motion in a desired 

direction, could be obtained [55-57]. 

Because of its potential applications, attempts to identify the roles of key parameters 

influencing anisotropic wetting are of great interest for the research community. Directional 

dependency of the contact angle of different natural surfaces, such as rice leaf structures [58], 

and other synthetic microstructures, including checkboard-patterned surfaces [59], wrinkled 

surfaces [60, 61], ratchet-like topographical structures [62], elliptical silicon arrays [63] and 

stooped polymer nanohairs [64], and tilted polymer nanorod arrays [26], has been evaluated. 

Among many asymmetric microstructures, surfaces with periodic parallel grooves at different 

length scales, pitches, height, etc were extensively investigated in the literature [36, 57, 65-78]. 

Chen et al. [66] reported a semi-analytical and an experimental study of microgroove surfaces. 

Higher observable contact angle in the front view of the droplet compared to the side view was 

attributed to the squeezing and pinning of the droplet along the direction of the grooves and 

stretching across that direction. Neuhaus et al. [57] investigated microstructured surfaces 

consisting of both groove and square pillars with three different wetting conditions, namely 

hydrophobic, moderately hydrophilic and very hydrophilic. They found that on moderately 

hydrophilic groove substrate, a water droplet pinned to the structure and became elongated. The 

contact angle was considerably higher (up to σχЈ) along the viewing direction parallel to the 

groove as compared to that from the perpendicular direction. In the case of square micropatterns, 

the droplet shape deviated from being circular especially for the case of moderate hydrophilicity, 

and interestingly anisotropy was observed on those topographically symmetric structures. The 
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contact angle was higher (around τЈ for the case of hydrophobic and ωЈ for the case of 

moderately hydrophilic conditions) along the edge as compared to the diagonal viewing direction 

of the square pillars. For both patterns in hydrophilic state, almost the same isotropic contact 

angle was reported. Long et al. [75] systematically investigated the static and dynamic wetting 

anisotropies of eight different translationally symmetric elongated ridges by gradually increasing 

the length of subsequent discrete ridge to finally form a continuous microridge structure. They 

reported that by splitting the continuous ridges into the discrete ones, the static and dynamic 

contact angle anisotropies substantially decreased, but did not disappear completely. 

In all these previous works, the anisotropy of the contact angle has been measured along very 

limited viewing directions, mostly parallel and perpendicular directions. More importantly, 

directional dependency of the discrete square micropillar structure has not been yet evaluated 

systematically in the previous works. 

2.4 Solid-liquid Interactions: Slip Length  

In the preceding two sections, previous works regarding the wettability analysis of surfaces 

were reviewed. As explained before, slip flow can occur in microchannels fabricated from 

surfaces with low wetting conditions, hydrophobic surfaces. Therefore, there should be a 

correlation between the contact angle of the surfaces and slip length of the microchannels made 

from such surfaces. In this section, after briefly introducing the methods used to probe the slip in 

hydrophobic microchannels, the concept of slip length will be further elucidated. 

Determining the interactions of liquid molecules adjacent to solid surface is still a challenging 

issue, and it is especially important in small scale domains. Experimentally these interactions, 

quantified by slip lengths, can be obtained by two methods: 1) indirect method, 2) direct or local 

method. To measure the slip length indirectly, the effective slip length is found by comparing the 
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value of the measured parameter with its value obtained theoretically using no-slip assumption. 

This measured parameter can be flow rate, viscous force, sedimentation velocity and potential 

difference in pressure driven flows, drainage force measurement (SFM/AFM), sedimentation and 

streaming potential systems respectively. In local methods, the velocity field near the solid 

surface is measured, and the slip velocity very close to the wall is obtained directly. There are 

three important techniques used for directly measuring the slip: 1) particle image velocimetry 

(PIV), 2) near field laser velocimetry (NFLV), and 3) fluorescence cross-correlation (FC).  In the 

following parts after a brief historical review, the concept of slip length will be further explained 

through a rich source of experimental and analytical works. 

2.4.1 No-slip Assumption 

One of the famous assumptions which cannot be proved by the available principles is the 

assumption of no-slip BC, as shown in Figure 2-2(a) where ό is the bulk flow velocity. This 

implies that the velocity of the molecules very close to the wall is the same as the solid wall. 

Based on a famous experiment, Bernoulli [79] in 1738 was among the first scientists who 

proposed the notion of no-slip BC. He states that velocity of the working fluid across the rigid 

channel decreases from a maximum at the center to zero at the solid wall. Having debated over 

this empirical assumption since 1810s, Stokes, commissioned by the Royal Academy of Science, 

finally declared the no-slip BC as the standard assumption which was closer to the experimental 

results. A thorough historical overview on this assumption is presented by Neto et al. [80]. 

2.4.2 Motionless Liquid Layer Hypothesis 

 Girard [81] brought up the idea of the existence of a motionless layer of liquid in the 

proximity of the wall which was allegedly responsible for occurrence of liquid slip. Wetting 
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properties of the solid surface, uniformity of its materials and wall curvature were the main 

factors affecting the thickness of this layer and the amount of slip [80]. This situation is shown in 

Figure 2-2(b). 

2.4.3 Navier Slip Length 

 The idea of slip length was first proposed by Navier [82] in 1823. This model is among the 

most accepted constitutive equations. The model states that slip velocity at the wall, ό, is 

directly proportional to the local shear rate, όώϳ . The constant of proportionality is called slip 

length, ὦ, Figure 2-2(c). That is: 

 ό  θ
ό

ώ
ᵼ ό ὦ 

ό

ώ
 (2.2) 

Based on the values of slip length, three distinct situations are distinguishable. First, when slip 

length is zero, the boundary condition becomes the same as no-slip (stick). Second, for negative 

values of slip length, the so-called ñlockingò occurs [83]. In this case, bulk liquid layers and 

near-wall fluid layer are firmly joined together and move with the wall velocity [84]. The last 

situation which has many practical applications corresponds to the positive values of slip length. 

In that case, liquid partially slip on solid walls and the fluid resistance reduces, Figure 2-2(c).  

 

Figure 2-2: Illustration of three solid-liquid interactions: a) No-slip BC. b) Motionless liquid layer. c) 

Navier slip length (redrawn with some changes from [80]). 
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2.5 Effective Slip Length and Drag Reduction on Microstructured Surfaces  

Parameters influencing the surface wettability conditions can subsequently affect the slip 

length and the bulk flow resistance. In addition, pinning of the droplet to the surface 

heterogeneities may also affect the bulk flow friction factor. This pinning force, Ὂ , acting like 

a frictional resistance, is related to the advancing, —, and receding, —, contact angles of the 

single droplet, Ὂ ᶿ ÃÏÓ— ÃÏÓ— , as shown in Figure 2-3. This shows the importance of 

evaluating the wetting conditions of the superhydrophobic surfaces in advance. As the size of the 

channel reduces, the flow resistance becomes higher. Therefore, techniques for minimizing the 

frictional drag in microchannels are extremely important for these applications. One of the 

passive techniques to decrease the flow frictional resistance is to pattern the microchannels with 

microstructured surfaces such as microgroove/rib and micropillar/hole arrays to reduce the 

effective solid-liquid contact area, shown in Figure 2-3. These surfaces are fabricated by 

incorporating roughness followed by coating with low-surface energy materials. In this situation, 

flow of liquid would be in Cassie-Baxter regime. In this case, intrinsic slip between molecules 

can be estimated via macroscopic experimental measurement. In such microchannels, the liquid 

is in contact with periodic no-slip and shear-free regions. Thus, the classical no-slip boundary 

condition (BC) is replaced by an effective slip velocity. The validity of this assumption was 

verified theoretically [85-87], experimentally [88-90] , and numerically [91-93] in the literature. 
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Figure 2-3: Schematic configuration of BCs on a superhydrophobic surface  

Having used conformal mapping method to solve Laplace equation with mixed boundary 

value problems, Philip [85] solved the flow over such surfaces with the shear-free region parallel 

to the applied pressure field, i.e. longitudinal configuration. The final form of the slip length can 

be summarized as: 

 ὦ ȟȿȿ  
fl

“
ÌÎÓÅÃ 

“

ς
  (2.3) 

where fl  is period of shear-free regions and  ὈȾfl respectively. Also for the case of 

transverse flow, Lauga and Stone [87] found the following expression for effective slip length: 

 ὦ ȟ  
fl

ς“
ÌÎÓÅÃ 

“

ς
  (2.4) 

provided that fl approaches zero and  is fixed. This relationship shows that slip length in 

longitudinal flow is twice the transverse flow. This indicates that the orientation of the 

superhydrophobic surface can affect the fluid flow resistance.   

More general scaling of the slip length has been conducted by Ybert et al. [94] for 

micropatterned surfaces with both ribs and pillars. Their result can be expressed as follows:  
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 ό ὦ  .ÁÖÉÅÒ ÓÌÉÐᵼ 
ό

ὦ
 Ǫ  † ‘ ᵼ Ḉ† ‘

ό

ὦ
 (2.5) 

Assuming shear-free regions over the gaps (as a result of very small viscosity of the gases), shear 

stress on a micropatterned surface, with the pillar/rib width ὒ as shown in Figure 2-3, can be 

scaled as † ‰ ‘ όȾὒ where ‰ is the solid-liquid area fraction, ό is the average flow velocity, 

and όȾὒ is the estimated value of shear rate for Stokes flow in this state. As the solid fraction 

decreases, slip velocity becomes closer to the average flow velocity. Thus, for a perfect slip 

model, ‰ ᴼπ, ό asymptotically approaches ό, and in this case shear stress can be scaled as:  

 † ‰ ‘
ό

ὒ
   ᵼ

ᴼ
 † ͯ ‰ ‘

ό

ὒ
 (2.6) 

Upon comparing Eq. (2.6) with Eq. (2.5), the related scale of slip length is obtained: 

 ὦ ͯ ÌÉÍ
ᴼ
 
ὒ

‰
 (2.7) 

For two different configurations of roughness on the micropatterned surfaces, namely 

micropillars as well as microribs, the general forms of the slip length become: 

 

ὦ ͯ fl                Ḋ-ÉÃÒÏÒÉÂÓ

    ὦ ͯ 
fl

‰
            Ḋ-ÉÃÒÏÐÉÌÌÁÒÓ   (2.8) 

For microribs, Eq. (2.8) shows that slip length depends more strongly on fl and weakly depends 

on ‰. This is in agreement with the above obtained scaling rule for slip length over 

micropatterned surfaces, where slip length was found as a logarithmic function of solid fraction, 

Eqs. (2.3) and (2.4).  

Orientation effect of surface microstructures on the effective slip length was formulated by 

Bazant and Vinogradova [95]. They found that the general slip formula is a second rank tensor 
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where the effective slip length in the parallel, ὦ ȟȿȿ, and perpendicular, ὦ ȟ, directions are 

eigenvalues of this general matrix, as indicated below. 

 ὦ
ὦ ȟȿȿÃÏÓ— ὦ ȟÓÉÎ— ὦ ȟȿȿ ὦ ȟ ÓÉÎ—ÃÏÓ—

ὦ ȟȿȿ ὦ ȟ ÓÉÎ—ÃÏÓ— ὦ ȟȿȿÓÉÎ— ὦ ȟÃÏÓ—
 (2.9) 

This equation is capable of calculating effective slip length in any direction. Schematic view of 

such anisotropic surfaces is presented in Figure 2-4. 

 

Figure 2-4: Schematic view of anisotropic texture on SH surfaces  

Theoretical modeling of superhydrophobic microchannels was modified by taking into 

account the effect of liquid-water curvature by Sbragaglia and Prosperetti [96]. Belyaev and 

Vinogradova [97] considered a more realistic BC between liquid and gas interfaces. Shear-free 

BC is equivalent to an infinite amount of Navier slip length; however, from experimental 

observation, it can vary from 5 to 500µm. This means that the shear-free assumption may 

overestimate the experimental results. The effective slip length of superhydrophobic 

microchannels with mixed no-slip and partial slip was formulated as follows [97]: 
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For the 2D micropillar superhydrophobic surfaces at small solid-liquid area fraction ‰, Davis 

and Lauga [98] developed an analytical model to predict the effective slip length, ὦ ȟ . 

This expression can be written as: 

 ὦ ȟ  
fl

ς“

σ“

ψ

“

‰
σÌÎρ Ѝς  (2.11) 

This equation is in excellent agreement with the semi-numerical model developed by Ybert et al. 

[94]  for micropillar configurations, Eq. (2.8). 

Besides the analytical descriptions of slip length which were briefly explained here, there are 

many experimental works conducted on superhydrophobic microchannels. Watanabe et al. [99] 

used low-energy surfaces to reduce the drag of laminar flows of Newtonian fluids. A reduction 

of drag of 14% was observed for water flowing in a circular pipe with a diameter in the order of 

several millimeters. To date, no other researchers have reported such extent of drag reduction. 

Ou et al. [88] systematically fabricated different hydrophobic surfaces from silanized silicon 

whose static contact angles were in the range of ρσπЈ to ρχτЈ. The contact angle hysteresis was 

more than ςυЈ. They reported a slip length of up to ςυ‘ά on these surfaces. Numerous studies 

were conducted to investigate the influence of different parameters of superhydrophobic surfaces 

on drag reduction. More details on these works were recently reviewed [84, 100, 101]. 

Wettability and consequently slip length are functions of the shape of microstructured surfaces. 

Aside from random roughness structures [132], previous works showed different values of slip 

length for flow in different directions (parallel or perpendicular) through microgrooves, 
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microribs [97], micropillars, and microholes [133]. These results suggest that slip length may 

also be a function of the microhole eccentricity. The effect of microhole eccentricity on 

static/dynamic contact angles as well as bulk frictional flow resistance has not been investigated 

in the literature, and is the main objective of this project. The drag reduction performance of the 

microchannels made of such hydrophobic microhole surfaces will be evaluated. The obtained 

results will be discussed in terms of relative velocity increase and the effective slip length, and 

will be compared with the available theoretical and numerical data in the literature.  

2.6 Summary  

In the literature, the effects of geometric parameters of microstructures on the slip length and 

drag- reduction efficiency of the hydrophobic microchannels are thoroughly investigated. Both 

analytical and experimental results suggest that the slip length should be independent of the 

microchannel height and can have the form of  ὦ Ὢ‰ȟfl. These parameters also affect the 

wettability of the surface [102]. For instance, if the spacing of a micropillar array is large, liquid 

may penetrate into the cavities and the wetting condition shifts from Cassie-Baxter state  into the 

Wenzel  state leading to a decrease in the slip length. Therefore, parameters influencing the 

surface wettability conditions can subsequently affect the slip length and the bulk flow 

resistance. Also, pinning of the droplet to the surface heterogeneities may also affect the bulk 

flow friction factor. This pinning force was related to the contact angle hysteresis of the 

heterogeneous surfaces. Therefore, it seems that wetting conditions of the microstructured 

surfaces can greatly influence the slip flow and should be evaluated. Accordingly, in this chapter, 

approaches used in the literature to quantify the wettability of the micropatterned surfaces were 

first reviewed. Subsequently, a wide variety of analytical advances used to model the drag-
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reduction ability of hydrophobic microchannels fabricated from micropatterned surfaces were 

also discussed.  

In the next two chapters, theoretical modeling of microchannels will be presented by taking 

into consideration the effects of slip BCs and finite width-to-height aspect ratio of the channel. 

To experimentally evaluate the slip flow in microchannels, first the wettability analysis of the 

channel surface walls will be analyzed by introducing a new parameter termed as eccentricity. 

Finally, the drag-reduction capability of the hydrophobic microchannels fabricated from such 

micropatterned surfaces will be investigated, and the relationship between slip length of the 

microchannel and surface wettability will be evaluated.  
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Chapter 3 : Analytical Modeling of Slip flow in Parallel -Plate 

Microchannels * 

3.1 Slip Velocity  in Parallel -Plate Microchannels  

In previous works, it is always assumed that dominating BCs in liquid flows through 

microchannels are either no-slip or equal slip conditions. In this section, the general form of 

Newtonian liquid flow in two parallel-plate microchannel which consists of two different walls 

with unequal wettability and surface condition is considered. This situation may occur frequently 

in microchannel fabrication, since fabricating microchannels with a single material is not always 

possible. In this chapter, it is assumed that the width of the channel is much larger than its height 

so that effect of side walls can be neglected. That means, a high aspect ratio microchannel is 

investigated. Schematic view of such microchannel is illustrated in Figure 3-1. 

 

Figure 3-1: Schematic view of the channel with slip at both walls 

                                                 

* This chapter was partially published in the following journal paper and conference proceeding: 

ü N. Kashaninejad, W.K. Chan, N.T. Nguyen, ñAnalytical modeling of slip flow in parallel plate 

microchannelsò, Micro and Nanosystems (Bentham Science Publishers), accepted on 26/06/2013. 

ü N. Kashaninejad, W.K. Chan, N.T. Nguyen, ñFluid Mechanics of Flow through Rectangular Hydrophobic 
Microchannelsò, ASME Conference Proceedings 2011(44632), pp 647-655. 
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As the flow enters the channel, the velocity also varies in the streamwise direction, i.e. ό

Ὢώȟᾀ, until it passes the entrance length, ὰ, and the flow becomes unidirectional, independent 

of the streamwise direction. In this state, the velocity profile is known to be fully developed. If 

the channel length, ὰ, is much larger than its hydraulic diameter, Ὀ , the developing region can 

be negligible. It is commonly accepted that if  ὰὈϳ πȢπφυ 2Å, where 2Å is the Reynolds 

number, the flow can be considered fully developed. Therefore, fully developed and 

unidirectional flow dominates in long, ὰᴻ ,  microchannels, Ὀ ,Ȣ  at low Reynolds number, 2ÅȢ . 

Considering fully developed laminar flow for Newtonian liquids with constant properties at low 

Reynolds number, the Navier-Stokes (N-S) equation can be simplified to Stokes equation. 

Solving this ordinary differential equation, the velocity distribution in terms of BCs can be 

calculated as follows: 

 
Ὠό

Ὠώ
ρ
ʈ
Ὠὖ

Ὠᾀ
όώ ρ

ςʈ
Ὠὖ

Ὠᾀ
ώ ὅώ ὅ (3.1) 

Corresponding Navier slip BCs at both walls are: 

 

ừ
Ử
Ừ

Ử
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 (3.2) 

Imposing these BCs dictates: 
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(3.3) 

Further simplifying the first BC, leads to: 
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Also, the second BC indicates that: 

 Ḉὅ ρ
ʈ
Ὠὖ

Ὠᾀ
 Ὤ 

ὦ  ὦ 

ςὬ ὦ  ὦ 
 (3.5) 

Substituting ὅ into the expression of ὅ results in: 

 Ḉὅ ρ
ςʈ 

Ὠὖ

Ὠᾀ
 Ὤ  
σὬὦ  σὬὦ  ςὬ τὦ  ὦ  

ςὬ ὦ  ὦ 
 (3.6) 

Replacing these constants in Eq. (3.1) leads to: 
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(3.7) 

Upon additional simplifications and substituting: Ὄ ςὬ, we can rewrite the obtained Eq. (3.7) 

as: 
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(3.8) 

3.1.1 Dimensionless Form of Velocity Profile 

By denoting: 
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(3.9) 
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Eq. (3.8) can be written in dimensionless form as: 

 
όᶻώᶻ

ρ

ς
ώᶻ

   

ρ    
ώᶻ

ρ

ψ

σ σ ψ  ρ

  ρ
  

 

(3.12) 

3.1.2 Average Velocity in General Form 

In the case of two-wall slip, it is also desirable to calculate the average flow velocity. In 

particular, the average velocity is measurable experimentally. The average velocity becomes: 
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(3.13) 

After some mathematical manipulations, the average velocity can be expressed as: 

 ό
ρ

ςὬ
ρ
ʈ 

Ὠὖ

Ὠᾀ
Ὤ
τὬ ψὬὦ  ψὬὦ  ρςὬὦ  ὦ  

σὬςὬ ὦ  ὦ 
 (3.14) 

The final form of the average velocity in terms of the total channel height is formulated in Eq. 

(3.15): 

 Ḉό ρ
ʈ 

Ὠὖ

Ὠᾀ

Ὄ τὌὦ  τὌὦ  ρςὌ ὦ  ὦ  

ρς Ὄ ὦ  ὦ 
 (3.15) 

For the limited case where the intrinsic slip on the upper wall is negligible, ὦ π, the above 

equation simplifies to: 

 ό ρ
ʈ 

Ὠὖ

Ὠᾀ

Ὄ τὌὦ  

ρς Ὄ ὦ 
 (3.16) 
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Denoting  ὦ  ȾὌ,  for the case of existing slip on the bottom wall, slip velocity becomes: 

 ό ρ
ρςʈ 

Ὠὖ

Ὠᾀ
Ὄ
ρ τ

 ρ 
 (3.17) 

where the first term is the no-slip velocity profile traditionally obtained by Hagen-Poiseuille. 

3.1.3 Dimensionless Average Velocity 

It is more relevant to normalize the average velocity by  ρʈ ὨὖὨᾀϳ Ὄ  as follows: 

 Ḉόᶻ
ό

ρ
ʈ 

Ὠὖ
Ὠᾀ
Ὄ

ρ τ τ ρς  

ρςρ   
 (3.18) 

3.2 Determination of Slip Flow Rate   

Similar to the average velocity, the volumetric flow rate can also be computed as: 

 Ḉ
ὗ

ὡ
ρ
ʈ 

Ὠὖ

Ὠᾀ
Ὄ
Ὄ τὌὦ  τὌὦ  ρςὌ ὦ  ὦ  

ρς Ὄ ὦ  ὦ 
 (3.19) 

Alternatively, the dimensionless flow rate in the microchannel can be written as: 

 ὗᶻ
ὗ

ρ
ʈ 

Ὠὖ
Ὠᾀ
Ὄὡ

ρ τ τ ρς  

ρςρ   
 (3.20) 

which is the same as non-dimensional average velocity. 

3.3 Determination of Shear Stress and Friction Factor with Slip at the Wall  

The shear stress can be calculated as [103] : 

 † ‘
ό

ώ

ὺ

ὼ
‘
ό

ώ
 (3.21) 

By substituting this velocity distribution, shear stress becomes: 
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It is common to define an average wall shear stress as follows: 

 †Ӷ
ρ

ɜ
† Ὠί (3.23) 

where ɜ is the perimeter of the channel and Ὠί is the element of the arc length.  

It is possible to relate the average wall shear stress to the required pressure gradient in the 

channel. Force balance indicates that: 

 Ὠᾀ † Ὠί ὃ Ὠὖ (3.24) 

Upon replacing the average wall shear stress, i.e.  ᷿ † Ὠί †Ӷ ɜ, the above equation simplifies 

to: 

 †Ӷ   
Ὠὖ

Ὠᾀ
Ȣ
ὃ

ɜ
 (3.25) 

By comparing the above equation with †Ӷ of a circular cross section with diameter Ὀ, i.e. 

†Ӷ   ὨὖὨᾀϳ ȢὈ τϳ  , the equivalent diameter for non-circular channel could be defined as: 

 Ὀ
τὃ

ῲ
 (3.26) 

In a parallel-plate microchannel, it is possible to write the hydraulic diameter in term of channel 

height and aspect ratio,  ὡ Ὄϳ   as: 

 Ὀ
τὌȢὡ

ςὌ ὡ

ςὌὡ

Ὄρ ὡȾὌ

ςὌ

 ρ
 (3.27) 

In addition, the relationship between the wall shear stress and pressure gradient becomes: 
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Ὀ
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In the present analysis, the relationship between the pressure gradient  ὨὖὨᾀϳ  and the 

average velocity was obtained, Eq. (3.15). Considering Eq. (3.28) and replacing the pressure 

gradient from Eq. (3.15) and hydraulic diameter from Eq. (3.27), the relationship between the 

average wall shear stress †Ӷ and average velocity ό becomes as follows: 

 Ḉ†Ӷ  
φʈ ὌὌ ὦ ὦ 

Ὄ τὌὦ  τὌὦ  ρςὌ ὦ  ὦ   ρ
  ό (3.29) 

Dimensionless shear stress is traditionally called the friction coefficient, ὅ, in which shear stress 

is non-dimensioned by dynamic pressure, ρςϳ”ό, as: 

  ὅ
†Ӷ

ρȾς”ό
 (3.30) 

Also, it is customary to define another dimenstionless friction factor as: 

 Ὢ
ψ†Ӷ

”ό
 (3.31) 

where Ὢ is called Darcy friction factor. It is evident that Ὢ is four times in magnitude larger than 

friction factor ὅ. 

If we substitute the obtained relationship between the average wall shear stress and the pressure 

gradient: 

 Ὢ
ψ  ὨὖὨᾀϳ ȢὈ τϳ

”ό
 (3.32) 

which can be written as: 

 Ὢ
  ὨὖὨᾀϳ ȢὈ

ρςϳ”ό
 (3.33) 
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In most references, e.g. [104], Darcy friction factor appears once in the following equation: 

 Ўὖ Ὢ 
ὒ

Ὀ
 
”ό

ς
 (3.34) 

Replacing  ὨὖὨᾀϳ Ўὖὒϳ  in Eq. (3.33), here the aforementioned equation can be 

thoroughly proved. 

Also, if we define Reynolds number based on the hydraulic diameter, i.e. ὙὩ ”όὈ ‘ϳ , Eq. 

(3.33) becomes: 

 Ḉ Ὢ
  
Ὠὖ
Ὠᾀ
ȢὈ  

ρ
ς‘ό

ρ

ὙὩ
 (3.35) 

Additionally, from Eq. (3.15), the relationship between the pressure drop and the average 

velocity in the microchannel consists of  different slip conditions at the top and the bottom walls 

can be explicitly obtained, as: 

 
Ὠὖ

Ὠᾀ

ρς‘ Ὄ ὦ  ὦ 

Ὄ τὌὦ  τὌὦ  ρςὌ ὦ  ὦ  
ό (3.36) 

By substituting this equation into Eq. (3.22), the friction coefficient becomes: 

 
ḈὪ

ςτ Ὄ ὦ  ὦ 
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ὙὩ
 

(3.37) 

In Eq. (3.37) by replacing the hydraulic diameter in terms of channel height and aspect ratio, i.e.,  

Ὀ ςὌ  ρϳ  , Eq. (3.37) becomes: 

 
Ὢ

ςτ Ὄ ὦ  ὦ 

Ὄ τὌὦ  τὌὦ  ρςὌ ὦ  ὦ  
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 ρ

 

ὙὩ
 

(3.38) 

In term of dimensionless slip, i.e.,  ὦȾὌ one can get: 
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 Ḉ Ὢ
ωφ 

ὙὩ

   ρ    

ρ τ  τ  ρς      ρ
 (3.39) 

Equivalently, we can also define another dimensionless number by multiplying Darcy friction 

factor to Reynolds number, i.e., Poiseuille number, ὖέ: 

 ὖέ ὪȢὙὩ ωφ
  ρ    

ρ τ  τ  ρς      ρ
 (3.40) 

The width of the channel is much larger than its height, that is: 

 ὡḻὌᵼ
ὡ

Ὄ
ḻρO ḻρ (3.41) 

The friction factor calculated from Eq. (3.39) can only be used when the aspect ratio is much 

larger than unity. Sometimes it is completely omitted from the friction factor relation in the case 

of parallel-plate channels. However, it is retained here for completeness sake. In other words, the 

obtained formulae are valid for liquid flow through parallel-plate microchannels both for large 

and relatively moderate aspect ratios. 

So far, the general expressions describing the velocity, flow rate as well as friction factor in 

parallel-plate microchannels were derived in terms of the yet-unknown general slip lengths at 

both top and bottom channel walls. In the following part, we try to relate this unknown Navier 

slip length to the known geometrical parameters of the channel by considering the realistic 

models causing the slip velocity at the micron scale. 

3.4 Apparent Slip in Hydrophobic Microchannel  

As it was explained before, one possible reason for the violation of no-slip BC could be the 

existence of a low-viscosity region very close to the wall that fluid slip on it, as it is called the 
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apparent slip. Fundamental difference between apparent and true slip, usually explained by 

Navier slip length, is shown in Figure 3-2. 

 

Figure 3-2: Two possible mechanism of slip over low-energy surfaces [105]. 

In this section, the apparent slip can be justified due to the existence of a uniform layer of air 

gap and/or low-viscosity region between bulk liquid flow and solid (non-permeable) surfaces of 

microchannels whose widths and lengths are much larger than their height (depth). This model is 

schematically shown in Figure 3-3. 

 

Figure 3-3: two-phase flow in parallel-plate hydrophobic microchannel. Air gap or low viscosity 

region can explain possible non-sticky behavior of the fluid near the wall. 
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3.4.1 Trapped air model 

In this case, it is assumed that air re-circulates in the vicinity of the wall and the relationship 

between air region pressure drop and liquid flow can be found from the fact that net flow rate of 

air flow is zero. The problem is further simplified by assuming: (1) No gravity and no mixing; 

(2) Air-liquid interface is a straight line. In this case, the BC between gas and wall is assumed to 

be no-slip. Additionally since both liquid and gas are assumed to be continuum; Eq. (3.1) can be 

applied separately for each phase subject to following BCs: 

 ὄὅίȡ

ừ
Ử
Ử
Ừ

Ử
Ử
ứ
ώ πȡ

ό ό

† †  ʈ
ό

ώ
ʈ
ό

ώ
ώ Ḋ                                ό  π

     Ḋ                 
ώ Ὤ   Ḋ                           ό π

 (3.42) 

At the interface ώ π , the velocity and shear stress are assumed to be continuous.  

The liquid velocity profile can be calculated as: 

 ό  ρʈ
Ὠὖ

Ὠᾀ
Ὤ ρ

ς
ώ

Ὤ

ώ

Ὤ
ρ
τʈ‚ (3.43) 

where ʈ ʈ ʈϳ   and  ‚ Ὤϳ . 

Following Navier hypothesis, the effective slip length was calculated as follows: 

 ὦ ρ
τʈ(3.44)  

This equation indicates that the effective slip length is related to the viscosity ratio between the 

liquid and the gas, and the height ratio of the air gap and the liquid flow.  
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3.4.2 Near Wall Reduced-Viscosity Model 

This approach was first adopted by Tretheway and Meinhart [106] who considered the 

existence of a uniform gas layer near hydrophobic surfaces at both continuum and rarefied gas 

flow conditions. The main difference between this model and the previous one lies in the 

pressure drop condition. In this model, known as reduced viscosity model, it is assumed that near 

wall flows with the same pressure drop as that of the liquid flow. Similar to the velocity profile 

of the previous case of liquid, the effective slip length can be calculated by the following 

equations: 

 ό  
Ὤ

ς‘

Ὠὖ

Ὠᾀ

ώ

Ὤ

ςώ

Ὤ
ς‚ʈ  ʈ‚  (3.45) 

 ὦ ʈ


ςὬ
   (3.46) 

Both Eq. (3.44) and Eq. (3.46) depend directly on the thickness of air/low-viscosity . Previous 

results have established the slip lengths without any estimation of the air gap thickness. This 

limitation will be addressed below by providing some expressions for the air-gap thickness. 

3.4.3 Calculation of Air-gap Thickness for Flow at Continuum Region 

╚▪  

Under the same assumptions of the previous section, due to the small air viscosity, we can 

assume that at the interface, the shear stress is zero, hence the BCs become: 

 ὄὅίȡ

ừ
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 (3.47) 
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By imposing these 4 boundary conditions, the 4 unknowns of air and fluid velocity profiles can 

be calculated. Air velocity profile becomes: 

 ό ώ ρ
ςʈ

Ὠὖ

Ὠᾀ
 ρ

ώ


 (3.48) 

For the liquid section, similarly we can find: 

 ό ώ ς
ʈ

Ὠὖ

Ὠᾀ
Ὤ ρ

ώ

τὬ
 (3.49) 

Now, if we assume no velocity jump at the interface, it requires that: 

 ό ώ π ό ώ π (3.50) 

Substituting Eq. (3.49) and Eq. (3.48) into Eq. (3.50) results: 

 Ḉς
ʈ

Ὠὖ

Ὠᾀ
Ὤ ρ

ςʈ 
Ὠὖ

Ὠᾀ
 (3.51) 

For equal pressure gradient at both phases (reduced-viscosity approach), the above equation 

simplifies to: 

 τʈϳ Ὤ  (3.52) 

Hence, the thickness of the reduced viscosity zone must be: 

 
τὬ

ʈ
 (3.53) 

It is noted that the above equation is valid for the Knudsen number less than 0.001. 

 ὑὲ
Љ




Љ

ὑὲ
 (3.54) 

At sea level, the mean free path of air, Љ, is in the order of πȢρ‘ά 
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πȢρ‘ά

πȢππρ
ρππ‘ά (3.55) 

Hence the minimum allowable height of microchannel in this case is Ὄ , Ὄ ςὬ: 

 Ὄ
ʈ

ʈ
 ḙχππ‘ά (3.56)

3.4.4 Calculation of Air-gap Thickness for Flow at Slip Region 

╚▪  

In this case, slip exists between air molecules and the solid surface. To quantify the amount of 

slip of gases, Maxwell first used the general Navier slip model as follows: 

 ͽ ύὥὰὰȡ  ό ό  
ό   

ώ

 
 ό  

ό

ώ
 (3.57) 

We will discuss the amount of slip length for air and solid surface  but it is presently assumed 

to be a known parameter. Then the BCs become: 

 ὄὅίȡ
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 (3.58) 

By imposing these 4 BCs, the corresponding velocity profile for air and liquid can be found: 

 ό ώ ρ
ςʈ

Ὠὖ

Ὠᾀ
ώ ὅ (3.59) 
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 (3.60) 

 

Finally, air velocity profile is obtained: 
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 (3.61) 

For the liquid velocity, the equation remains the same as before: 

 ό ώ ς
ʈ

Ὠὖ

Ὠᾀ
Ὤ ρ

ώ

τὬ
 (3.62) 

Again, if we assume no velocity jump between air and liquid at the interface, it requires that: 

 ρ
ςʈ

Ὠὖ

Ὠᾀ
 ρ ς




ς
ʈ

Ὠὖ

Ὠᾀ
Ὤ (3.63) 

For equal pressure gradient at both phases (reduced-viscosity approach), the two pressure drops 

should be the same, so Eq. (3.63) simplifies to: 

  ς 
τ

ʈ
Ὤ π (3.64) 

Eq. (3.64) is a quadratic equation for , therefore, the air-gap height can be computed as: 

   
τ

ʈ
Ὤ (3.65) 

Because the air-gap cannot be negative, the negative sign before the square root is not 

acceptable: 

   
τ

ʈ
Ὤ (3.66) 

If we assume no-slip at the wall, as in the previous case, the same formula describing the air-gap 

height can be obtained, i.e Eq. (3.53): 

ᴼ  π π
τ

ʈ
Ὤ

τὬ

ʈ
 (3.67) 

The maximum allowable Knudsen number in this case should not exceed 0.1, it requires that: 
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Љ

ὑὲ

πȢρ‘ά

πȢρ
ρ‘ά (3.68) 

From Eq. (3.66), the height of the channel (ςὬ) can be found in terms of gap-height:  

 ςὬ ʈ ρ ς



 (3.69)    

To find the minimum height of the channel, we need to find the typical value of  . Accordingly, 

the Maxwell equation can be used: 

 
ς „

„

ς

σ
Љ (3.70) 

where „ is the tangential momentum accommodation coefficient. This parameter is a function of 

the solid material, gas type and surface roughness. The experiments suggest that „ should range 

from  0.5 to 1. The maximum value „ ρ is typical for most surfaces, while the minimum is for 

very smooth surface with roughness height in the order of nanometers. 

Therefore, „ can be approximated as unity, so the slip length of air and solid surface becomes: 

 
ς

σ
Љ
Љ Ȣ

 πȢπφφχ‘ά (3.71) 

Finally, the minimum height of the channels becomes: 

 ςὬ ʈ ρ ς



ḙχ    ρ

ς πȢπφφχ‘ά

ρ‘ά
ρ‘ά χȢυςσ‘ά (3.72) 

Therefore, the range of the channel height for the model to be valid is: 

 χȢυ‘ά Ὄ χππ‘ά (3.73) 

which corresponds to an air-gap in the range of: 

 ρ‘ά  ρππ‘ά  (3.74) 
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According to the obtained results, not only the estimated values of the air-gap thickness were 

determined, but the related range of the channel height was also estimated. It was found that 

when the channel height is larger than χππ‘ά, air flow is in continuum regime and no-slip BC 

can be used. For the case where the channels height is smaller than χππ‘ά and larger than 

χȢυ‘ά, slip BC should be used to model the air flow in the channel. Finally, for the channel with 

the height smaller than χȢυ‘ά, the N-S equation cannot be used to model the air flow and 

molecular-based approaches should be used. The key findings of this section can be summarized 

in the Table 3-1. 

Table 3-1: summary of obtained analytical results of hydrophobic microchannels with reduced 

viscosity gas region assumption 

 Continuum Region Slip Region 

Effective slip length ὦ ‐  


ςὬ
   ὦ ‐  



ςὬ
   

Air gap thickness 
τὬ

ʈ
   

τὬ

ʈ
 

Range of air gap 
 ρππ‘ά 

 
ρ‘ά  ρππ‘ά 

 
Channel size Ὄ χππ‘ά χȢυ ‘ά Ὄ χππ‘ά 

3.5 Summary  

This chapter presented analytical modeling of liquid flow in parallel-plate microchannels, and 

can be divided in two parts. In the first part, classical relationships describing velocity, flow rate, 

pressure gradient, and shear stress were extended to the more general cases where there exist two 

different values of yet-unknown slip length at the top and bottom walls of the channel. In the 

second part, the emphasis was on the quantification of the slip length. Generating mechanism of 

slip was attributed to the existence of a low-viscosity region between the liquid and the solid 

surface.  Two different cases were considered based on the pressure gradient: a) re-circulating air 



Chapter 3                                               Analytical Modeling of Slip Flow in Parallel-Plate Microchannels 

Page | 40 

 

region, where the net flow rate of gas phase was zero; b) reduced viscosity gas region, in which 

pressure gradient was assumed to be the same at both phases. It was found that the slip length in 

both cases is directly proportional to the ratio of liquid-to-gas viscosity as well as the air gap 

thickness.  Therefore, it is necessary to estimate the air gap thickness to quantify the value of slip 

length. Unlike other studies which used empirical values of air gap, here, equations describing 

this parameter were derived based on the range of Knudsen number for the case of reduced 

viscosity region.  

In this chapter, the width of the channel was assumed to be much larger than its height so that 

the effect of side walls on velocity profile was negligible. In the next chapter, liquid flow will be 

evaluated in a rectangular microchannel by taking into account the effect of aspect ratio of the 

channel. 
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Chapter 4 : Analytical and Numerical Investigation  of Flow in 

Rectangular Microchannels * 

4.1 Introduction  

For fully developed incompressible flow in microchannels at low Reynolds number, partial 

differential equation (PDE) of the momentum equation simplifies to the classic Poisson equation 

[103]. Although classical 1D analysis of Hagen-Poiseuille for cylindrical pipe is usually adapted 

to solve noncircular cross-section microchannels by considering the equivalent hydraulic 

diameter [107], analytical modeling for rectangular cross-section microchannels needs 2D 

analysis [103, 108, 109]. Because of the complexity of this approach, most previous research 

works merely focused on high aspect ratio microchannel, which is in fact the flow between 

parallel plates. One of the drawbacks of such analysis is that the effect of the side walls is 

ignored. From an experimental point of view, difference may occur due to the materials used as 

the side walls which affect the wettability conditions and consequently affect the accuracy of the 

measured velocity and friction factor.  

Two dimensional solution of Poisson equation is similar to the theory of elasticity. Therefore, 

the 2D velocity profile was obtained by an analogy with the torsion problem in elasticity using 

                                                 

* This chapter was partially published in the following conference proceedings: 

ü N. Kashaninejad, W.K. Chan, N.T. Nguyen, ñAnalytical and Numerical Investigation of the Effects of 

Microchannel Aspect Ratio on Velocity Profile and Friction Factorò, 4th International Conference on 

Computational Methods, ICCM2012, 25 - 28 November 2012 Crowne Plaza, Gold Coast, Australia. 

 

ü N. Kashaninejad, W.K. Chan, N.T. Nguyen, ñFluid Mechanics of Flow through Rectangular Hydrophobic 
Microchannelsò, ASME Conference Proceedings 2011(44632), pp 647-655.  
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Lagrange stress function [110] and presented by Knudsen and Katz [111], Berker [112]. These 

models were well summarized by Wang [113] for different channel cross sections. In the 

obtained series solutions for the rectangular channels, the variables of the lateral coordinates 

were expressed by two different functions, i.e., one variable with hyperbolic function and the 

other one with trigonometric function. Spiga and Morino [109] used finite Fourier transform to 

find the velocity profile of the finite aspect ratio channels and verified their results by comparing 

the obtained friction factors with those presented in the literature. Additionally, approximate 

solutions for the channels with side walls effect also exist. Knowing the maximum velocity, 

Purday [114] proposed an approximate expression to calculate the average velocity of the 

channels with the aspect ratio greater than 2. Using finite difference method for channels with 

the aspect ratio greater than 3, Natarajan and Lakshmanan [115] presented another approximate 

solution for the velocity field. Savino and Siegel [116] also suggested an approximate series 

solution for the channels with the aspect ratio from 1 to Ð. The other exact series solutions of the 

Poisson equation were also proposed [117, 118]. Even though the experimental results verified 

the accuracy of these models, the convergences of these series solutions were slow and had many 

computational complexities. Moreover, the lateral coordinates in all, except the solution 

presented by Spiga and Morino [109], of these classical solutions of the Poisson equation 

describing the velocity profile of the finite aspect ratio channels were in the asymmetric form 

with different numerical exponents. Furthermore, to relate the frictional losses to the average 

velocity in the channels, classical Darcy-Weisbach equation is used. Subsequently, in the 

literature (see for example a recent review by Dey et al. [119]) friction factor and Poiseuille 

number are multiplied by HartnettïKostic correction factor to take into account the effect of the 

microchannels aspect ratio.  
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In the present chapter, new analytical forms of velocity distribution, Darcy friction factor and 

Poiseuille number in laminar liquid flow in rectangular microchannels were derived using the 

eigenfunction expansion technique [120]. The effects of changing the aspect ratio from 0 to Ð 

are discussed. Using finite element method (FEM), the obtained analytical for the case of no-slip 

BCs are further compared with the numerical simulations of COMSOL Multiphysics for 

microchannels with different values of aspect ratio and pressure gradient.  

4.2 Rectangular Microchannel with No-Slip Boundary Conditions  

Velocity distributions of a creeping flow in a rectangular microchannel are derived. This type of 

flow is dominant at small length scale, low velocity or for very viscous fluid. By considering a 

hydrophilic channel walls, the boundary conditions are the homogeneous Dirichlet boundary 

conditions. Yet, the governing equation is still non homogeneous and the classical method of 

separation of variables cannot be used.  

In order to solve this type of problem, the method of eigenfunction expansion can be used 

corresponding to the homogeneous boundary conditions and non homogeneous linear governing 

PDE equation [120]. The schematic of the problem is depicted in Figure 4-1. It is common that 

the origin of coordinates describing the velocity distribution is chosen at the center of the 

channel (Figure 4-1(a)) but it is more convenient to transform it to the bottom corner of the 

channel, (Figure 4-1(c)), the new coordinates X and Y become: 

ὢ ὼ ύ                      ὣ ώ Ὤ 
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Figure 4-1: Schematic of the model: a) rectangular cross-section of the channel with the flow velocity 

at z direction (normal to the page) and original coordinate located at the middle of the channel. b) Related 

boundary conditions (no-slip) at the walls and Stokes governing equation. c) Transformation of the 

coordinate to ╧ and ╨. 

The momentum equation in the stream-wise direction becomes: 

 
ό

ὢ

ό

ὣ
ρȾ‘

ὖ

ᾀ
 (4.1) 

where ό and ὖᾀϳ  is the velocity and pressure gradient in the streamwise direction (i.e., z) 

respectively. Since ὖᾀϳ  and fluid viscosity, ‘ , are constant across the channel cross section, 

we denote them with a single variable say, F ,that is,  

 Ὂ ρȾ‘
ὖ

ᾀ
          

ό

ὢ

ό

ὣ
Ὂ (4.2) 

Subject to the following boundary conditions: 

 ὄὅί
όπȟὣ π    Ƞ        όςύȟὣ π

όὢȟπ π    Ƞ        όὢȟςὬ π
 (4.3) 

If we can find the function (say, ) by which the Laplacian operator can be simplified to the 

operation, i.e.,   ‗Ȣ , then we can find the solution to the problem. In mathematical 

terminology, such function is called eigenfunction with the corresponding ʇ as the eigenvalue. In 
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such problem, such eigenfunction should also satisfy the boundary conditions. 2D form of the 

solution can be written as follows: 

 όὢȟὣ ὃ ÓÉÎ
ά“

ςύ
ὢ ÓÉÎ

ὲ“

ςὬ
ὣ  (4.4) 

where ὃ  is a constant needed to be determined. By substituting this form of the solution into 

the governing Eq. (4.2), it results: 

 ὃ
ά“

ςύ

ὲ“

ςὬ
ÓÉÎ
ά“

ςύ
ὢ ÓÉÎ

ὲ“

ςὬ
ὣ Ὂ

 
 (4.5) 

Considering the above equation as the double Fourier sinusoidal series expansion of F, we can 

find the as-yet unknown  ὃ  : 

 ὃ
τ

ςύ ςὬ
ά“
ςύ

ὲ“
ςὬ

Ὂ ÓÉÎ
ά“

ςύ
ὢ ÓÉÎ

ὲ“

ςὬ
ὣ Ὠὢ Ὠὣ (4.6) 

Since F is not function of neither X nor Y, it comes out of the integration and due to 

independency of each integrand, they can be treated separately as a single integration: 

 
 ÓÉÎ
ά“

ςύ
ὢ  Ὠὢ  

ςύ

ά“
ρ ÃÏÓά“ 

 

(4.7) 

  ÓÉÎ
ὲ“

ςὬ
ὣ  Ὠὣ  

ςὬ

ὲ“
ρ ÃÏÓὲ“  (4.8) 

Therefore, the ὃ  becomes: 

 
ὃ

τὊ

ά“
ςύ

ὲ“
ςὬ

ρ

ά“

ρ

ὲ“
ρ ÃÏÓά“ρ ÃÏÓὲ“  

(4.9) 
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By introducing the aspect ratio as: 

 
ςύ

ςὬ
 (4.10) 

The half width of the channel can be expressed as: 

 ύ  Ὤ  (4.11) 

Hence,  

 ὃ
ρφ Ὂ   Ὤ 

ά“ ὲ“

ρ

ά“

ρ

ὲ“
ρ ÃÏÓά“ρ ÃÏÓὲ“ (4.12) 

By replacing Eq. (4.12) into Eq. (4.4) we obtain: 

 
όὢȟὣ

ρφ Ὂ   Ὤ 

“

ρ ÃÏÓά“ρ ÃÏÓὲ“

Í Î Í  ɻÎ
ÓÉÎ
ά“

ςὬ 
ὢ ÓÉÎ

ὲ“

ςὬ
ὣ  

 

(4.13) 

By replacing the (X, Y) with the original (x, y) the final form of the velocity profile becomes: 

 όὼȟώ
ρφ Ὂ   Ὤ 

“

ρ ÃÏÓά“ρ ÃÏÓὲ“

Í Î Í  ɻÎ
ÓÉÎ
ά“

ςὬ 
ὼ ύ ÓÉÎ

ὲ“

ςὬ
ώ Ὤ   (4.14) 

By introducing the dimensionless velocity όᶻ [103] : 

 
όᶻὼȟώ

όὼȟώ 

ὖ
ᾀ
 Ὤ

‘
 

 
όὼȟώ 

ὊὬ  
 

(4.15) 

Eq. (4.15) will have the final form as follows: 

 όᶻὼȟώ
ρφ     

“

ρ ÃÏÓά“ρ ÃÏÓὲ“

Í Î Í  ɻÎ
ÓÉÎ
ά“

ςὬ 
ὼ ύ ÓÉÎ

ὲ“

ςὬ
ώ Ὤ     (4.16) 
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Figure 4-2 illustrates the variations of the normalized velocity distribution with respect to the 

aspect ratio, i.e. Eq. (4.16). The results show that by increasing the aspect ratio, velocity profile 

becomes more parabolic and the effects of side walls on velocity distributions become negligible. 

That means, the classical Hagen-Poiseuille equation is the limiting case of the obtained 2D 

analytical formula when aspect ratio approaches infinity.  

 

Figure 4-2: Variations of the normalized velocity (Eq. (4.16)) at different values of aspect ratio: (a) 

♪ . (b) ♪ . (c) ♪ . (d) ♪ . (e) ♪ . (f) ♪ .  

Also the flow rate can be calculated as: 

 ὗ όὢȟὣὨὢ Ὠὣ (4.17) 

By substituting Eq. (4.13) into Eq. (4.17), we will have: 

 ὗ
ρφ Ὂ   Ὤ 

“
ÓÉÎ
ά“

ςὬ 
ὢ ÓÉÎ

ὲ“

ςὬ
ὣὨὢ Ὠὣ

 
 (4.18) 
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By considering Eqs. (4.7) and (4.8), then Eq. (4.18) becomes: 

 ὗ
ρφ Ὂ   Ὤ 

“

ρ ÃÏÓά“ρ ÃÏÓὲ“

Í Î Í  ɻÎ
 

ςύ

ά“

ςὬ

ὲ“
ρ ÃÏÓὲ“ρ ÃÏÓά“ (4.19) 

Finally, by further simplifying, the flow rate can be expressed by Eq. (4.20): 

 ὗ
φτ

ὖ
ᾀ
    Ὤ 

‘ “

ρ ÃÏÓά“ ρ ÃÏÓὲ“

Í Î Í  ɻÎ
 

 (4.20) 

The solution for the two infinitely large parallel-plate channels separated at a small distance 

should be similar to a rectangular channel when its width is much larger than its height. The flow 

rate for one dimensional channel with hydrophilic wall can be obtained as: 

 ὗᴼ

τὊ Ὤ

σ
 (4.21) 

By normalizing Eq. (4.20) with Eq. (4.21), we obtain: 

 
ὗ

ὗᴼ

τψ

“

ρ ÃÏÓά“ ρ ÃÏÓὲ“

Í Î Í  ɻÎ
 

 (4.22) 

It can be shown that Eq. (4.31) approaches unity as the value of aspect ratio increases confirming 

the accuracy of the obtained 2D flow rate for rectangular microchannel. 

Furthermore, the average velocity can be calculated as: 

 ὗ ό ὃᵼό
ὗ

τ Ὤ
 (4.23) 

Substituting Eq. (4.20) in Eq. (4.23) results: 

 ό
ρφ 

ὖ
ᾀ
   Ὤ 

‘ “

ρ ÃÏÓά“ ρ ÃÏÓὲ“

Í Î Í  ɻÎ
 

 (4.24) 
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Moreover, Hagen-Poiseuille average velocity was formulated as: 

 ό
 Ὤ

σ‘

ὖ

ᾀ
  (4.25) 

Hence, average velocity can be expressed as: 

 ό
  Ὤ

ὖ
ᾀ
 

σ‘

τψ

“

ρ ÃÏÓά“ ρ ÃÏÓὲ“

Í Î Í  ɻÎ
 

 (4.26) 

which results in the following final form: 

 ό ό  ‰ (4.27) 

where: 

 ‰
τψ

“

ρ ÃÏÓά“ ρ ÃÏÓὲ“

Í Î Í  ɻÎ
 

 (4.28) 

Furthermore, the Darcy friction factor Ὢ can be written as: 

 Ὢ
 ς  

ὖ
ᾀ
ȢὈ 

”ό
 (4.29) 

Multiplying both sides by Reynolds number, ὙὩ ”όὈȾ‘ , results: 

 Ὢ
  
ὖ
ᾀ
ȢὈ  

ρ
ς
‘ό

ρ

ὙὩ
 (4.30) 

where hydraulic diameter Ὀ  is: 

 Ὀ
τςὬȢςύ

ςςὬ ςύ

τὬύ

Ὤρ ύȾὬ

τὬ

 ρ
 (4.31) 

Substituting Eq. Error! Reference source not found.  and Eq. (4.31) into Eq. (4.30) results: 
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Ὢ

  
ὖ
ᾀ
Ȣ
τὬ
 ρ  

ρ
ς‘

ρφ 
ὖ
ᾀ
   Ὤ 

‘ “
В В

ρ ÃÏÓά“ ρ ÃÏÓὲ“
Í Î Í  ɻÎ

 

ρ

ὙὩ
 

(4.32) 

Further simplifying the above equation results: 

 
 Ὢ

ς “ 

В В
ρ ÃÏÓά“ ρ ÃÏÓὲ“
Í Î Í  ɻÎ

 
  ρ

ρ

ὙὩ
 

(4.33) 

Equivalently, we can also define another dimensionless number by multiplying Darcy friction 

factor to Reynolds number which is usually called the Poiseuille number, ὖέ: 

 
ὖέ

ς “ 

В В
ρ ÃÏÓά“ ρ ÃÏÓὲ“
Í Î Í  ɻÎ

 
  ρ

 
(4.34) 

Similarly, Poiseuille number can be written as: 

 ὖέ ωφ – (4.35) 

where: 

 
–

 “ 

τψ  ρ В В
ρ ÃÏÓά“ ρ ÃÏÓὲ“
Í Î Í  ɻÎ

 
 

 
(4.36) 

 

To further illustrate the effect of aspect ratio on frictional losses, Poiseuille number is plotted as 

a function of aspect ratio in Figure 4-3. Generally, Poiseuille number increases with increasing 

the aspect ratio. For very large aspect ratio, the value of Poiseuille number approaches a value of 

96 which corresponds to the value for parallel-plate channels. Generally, it can be concluded for 

the laminar flow at the same Reynolds number, square cross-section channels (ɻ ρ) generates 
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the lowest frictional losses and as the channel cross-section deviates from being square shape, 

frictional losses increases (up to 74%).      

  

Figure 4-3: Poiseuille number ╟▫ vs. aspect ratio ♪.  

4.3 Rectangular Microchannel with Constant Slip at the Wall  

In this case, slip is assumed to exist only at the bottom plate (i.e. non symmetry case) while 

the three remaining walls are hydrophilic so that no-slip BC can be applied. The domain of this 

type of the problem is shown in the Figure 4-4. 

 

Figure 4-4: Rectangular microchannel with constant slip velocity at wall 
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Since the governing equation is still linear, we can take advantage of superposition principle and 

decompose the domain into two separate ones and solve each domain independently. Then by 

summing up each solution, the final solution of the desired domain would be obtained. The 

procedure is shown in Figure 4-5: 

 

Figure 4-5: Required procedure for obtaining velocity distribution in a microchannel with constant 

velocity at bottom wall 

The first part (Figure 4-5(b)) has already been solved in the previous section by the so-called 

eigenfunction expansion method. The second part is Laplace equation in rectangular domain 

with non homogeneous Dirichlet BCs. Therefore, for this type of the problem, the solution has 

one additional term as a result of the existence of slip at the wall. 

To solve the Laplace equation, we can use the separation of variables because it is a linear 

homogeneous partial differential equation. 

 όὢȟὣ ὪὢȢὫὣ   ὪͼὫ ὫͼὪ π
Ὢͼ

Ὢ

Ὣͼ

Ὣ
ὅέὲίὸὥὲὸ (4.37) 

To avoid trivial solution according to the boundary conditions, the constant must be negative 

(say, ‗) and the two obtained ordinary differential equations become: 

 Ὢͼ ‗Ὢ π  Ὢὢ ὥÃÏÓ‗ὢ ὥÓÉÎ‗ὢ (4.38) 

Imposing Ὢπ πᵼὥ π and Ὢςύ πᵼÓÉÎ ς‗ύ ÓÉÎὯ“ ‗ .  
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The other ordinary differential equation (ODE) becomes: 

 Ὣͼ ‗Ὣ π Ὣὣ ὥÃÏÓÈ‗ςὬ ὣ ὥÓÉÎÈ‗ςὬ ὣ  (4.39) 

Imposing ὫςὬ πᵼὥ π. 

Finally the velocity profile can be written as: 

 όὢȟὣ ὃÓÉÎ
Ὧ“

ςύ
ὢ ÓÉÎÈ

Ὧ“

ςύ
ςὬ ὣ  (4.40) 

To find the only unknown ὃ , we impose the last remaining slip boundary condition at the 

bottom wall: 

 όὢȟπ Ἶ ὃ ÓÉÎÈ
Ὧ“

ςύ
ςὬ ÓÉÎ

Ὧ“

ςύ
ὢ   Ἶ (4.41) 

Therefore, the coefficient ὃ ÓÉÎÈςὬ can be the Fourier sine coefficient of Ἶ on the 

interval  π ὢ ςύ : 

 ὃ 
ρ

ÓÉÎÈ
Ὧ“
ςύ ςὬ

Ἶ▼ ίὭὲ
Ὧ“

ςύ
ὢ  Ὠὢ (4.42) 

Since Ἶ is constant, the above equation becomes: 

 ὃ 
Ἶ

ύ ίὭὲὬὯ“
Ὤ
ύ

ςύ

Ὧ“
 ρ ὧέίὯ“

ςἾ

“
  
ρ ὧέίὯ“

Ὧ  ίὭὲὬὯ“
Ὤ
ύ

   (4.43) 

The final form of the velocity distribution becomes: 

 όὢȟὣ
ςἾ

“
 
ρ ÃÏÓὯ“

Ὧ ȢÓÉÎÈὯ“
Ὤ
ύ

ίὭὲ
Ὧ“

ςύ
ὢ ÓÉÎÈ

Ὧ“

ςύ
ςὬ ὣ (4.44) 

By replacing ὢ ὼ ύ and ὣ ώ Ὤ, the velocity distribution in (x , y) coordinates becomes: 
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 όὼȟώ
ςἾ

“
 
ρ ÃÏÓὯ“

Ὧ ȢÓÉÎÈὯ“
Ὤ
ύ

ÓÉÎ
Ὧ“

ςύ
ὼ ύ ÓÉÎÈ

Ὧ“

ςύ
Ὤ ώ (4.45) 

The flow rate in this case can be expressed as: 

 ὗ
ςἾ

“
 
ρ ÃÏÓὯ“

Ὧ ȢÓÉÎÈὯ“
Ὤ
ύ

ÓÉÎ
Ὧ“

ςύ
ὢ ÓÉÎÈ

Ὧ“

ςύ
ςὬ ὣ Ὠὢ Ὠὣ (4.46) 

After integration and further simplification, flow rate becomes: 

 ὗ
τἾ ύ

“
 
ρ ÃÏÓὯ“

Ὧ

ÃÏÓÈ
Ὧ“Ὤ
ύ ρ

 ÓÉÎÈ
Ὧ“Ὤ
ύ

  (4.47) 

The velocity profile for the entire domain can be found by summing Eq. (4.14) and Eq. (4.45): 

 

ό ὼȟώ
ρφ ɀ

Ὠὖ
Ὠᾀ
 Ὤ  

‘“

ρ ÃÏÓά“ρ ÃÏÓὲ“

άὲά  ὲ
ÓÉÎ

ά“

ςὬ 
ὼ

Ὤ ÓÉÎ
ὲ“

ςὬ
ώ Ὤ  

ςἾ

“

ρ ÃÏÓὯ“

Ὧ ȢÓÉÎÈ
Ὧ“


ÓÉÎ
Ὧ“

ςὬ
ὼ Ὤ  ÓÉÎÈ

Ὧ“

ςὬ
Ὤ ώ    

(4.48) 

Also, total flow rate, ὗ ὗ ὗ , becomes: 

 

ὗ
φτ  Ὤ  ύ 

‘“

Ὠὖ

Ὠᾀ

ρ ÃÏÓά“ ρ ÃÏÓὲ“

Í Î Í  ɻÎ
 

τἾ ύ

“
 
ρ ÃÏÓὯ“

Ὧ

ÃÏÓÈ
Ὧ“Ὤ
ύ ρ

 ÓÉÎÈ
Ὧ“Ὤ
ύ

   

 

(4.49) 

Rearranging, it yields the relationship for slip velocity at the wall: 
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Ἶ

“

τύ

ὗ
φτ  Ὤ  ύ 
‘“

Ὠὖ
Ὠᾀ
В В

ρ ÃÏÓά“ ρ ÃÏÓὲ“
ά  ὲ ά  ὲ

 

В  
ρ ÃÏÓὯ“
Ὧ

ÃÏÓÈ
Ὧ“Ὤ
ύ ρ

 ÓÉÎÈ
Ὧ“Ὤ
ύ

  

 
(4.50) 

Or in terms of aspect ratio, it is: 

 
Ἶ

“

τὬ

ὗ
φτ  Ὤ 
‘“

Ὠὖ
Ὠᾀ
В В

ρ ÃÏÓά“ ρ ÃÏÓὲ“
ά  ὲ ά  ὲ

 

В  
ρ ὧέίὯ“
Ὧ

ÃÏÓÈ
Ὧ“
 ρ

 ÓÉÎÈ
Ὧ“


  

 
(4.51) 

4.4 General Navier Slip Boundary Conditions  

In this section, the general Navier slip BCs are assumed at the solid-liquid interfaces: 

 ὄὅί

ừ
Ử
Ừ

Ử
ứόπȟὣ ὦ

ό

ὢ
            Ƞ                  όςύȟὣ ὦ

ό

ὢ

 όὢȟπ ὦ
ό

ὣ
           Ƞ                όὢȟςὬ ὦ

ό

ὣ
       

 (4.52) 

The domain of this type of the problem is shown in the Figure 4-6. 

 

Figure 4-6: Rectangular microchannel with general Navier slip length BCs at the walls 
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The slip length ὦ can be obtained from different analytical models as discussed in Chapter 2. 

Table 4-1 summarized the most commonly accepted models of slip length. 

 

Table 4-1: Analytical formulas of effective slip length of different superhydrophobic surfaces 

Slip Length Formula Applicable Geometry Reference 

╫  
︡

Ⱬ
ἴἶἻἭἫꜚ▌ 

Ⱬ
 

Periodic 1D strips of no-slip and no-shear 

BCs parallel to the flow direction [85, 86] 

╫  
︡

Ⱬ
ἴἶἻἭἫꜚ▌ 

Ⱬ
 

Periodic 1D strips of no-slip and no-shear 

BCs perpendicular to the flow direction [87]                                                                                                                                    

╫
︡

Ⱬ

Ⱬ Ⱬ

▌ꜚ

ἴἶ Ѝ  

Square arrays of 2D circular micropillars 

(‰ ᴼρ 

[98] 

 

Here, both PDE and BCs are non-homogeneous. Specifically, BCs are the so-called Robin BC 

which is the combination of the function and its derivatives. Therefore, we try the eigenfunction 

as the combination of sine and cosine terms, that is: 

 ὢȟὣ ὊὢὋὣ #ÓÉÎ‘ὢ #ÃÏÓ‘ὢ  #ÓÉÎ’ὣ #ÃÏÓ’ὣ  (4.53) 

Hence the velocity profile in this general case can be written as: 

 όὢȟὣ ὃ #ÓÉÎ‘ὢ #ÃÏÓ‘ὢ  #ÓÉÎ’ὣ #ÃÏÓ’ὣ   (4.54) 
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First derivative of this velocity distribution with respect to ὢ becomes:  

 
ό

ὢ
ὃ ‘#ÃÏÓ‘ὢ ‘#ÓÉÎ‘ὢ  #ÓÉÎ’ὣ #ÃÏÓ’ὣ  (4.55) 

   

Similarly, the derivative with respect to ὣ reads as:  

 
ό

ὣ
ὃ ’#ÃÏÓ’ὣ ’#ÓÉÎ’ὣ #ÓÉÎ‘ὢ #ÃÏÓ‘ὢ  (4.56) 

   

By imposing the first BC, όπȟὣ ὦ , we have: 

 

ὃ π #  #ÓÉÎ’ὣ #ÃÏÓ’ὣ

ὦ ὃ ‘# π #ÓÉÎ’ὣ #ÃÏÓ’ὣ   

(4.57) 

Simplifying Eq. (4.57), results: 

 Ḉ# ὦ‘# (4.58) 

By imposing the second BC,  όςύȟὣ ὦόὢϳ ȿ , we can get: 

 

ὃ #ÓÉÎς‘ύ #ÃÏÓς‘ύ  #ÓÉÎ’ὣ #ÃÏÓ’ὣ  

ὦ ὃ ‘#ÃÏÓς‘ύ

‘#ÓÉÎς‘ύ  #ÓÉÎ’ὣ #ÃÏÓ’ὣ  

(4.59) 
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Further simplifying results: 

 ÔÁÎςύ‘
# ὦ‘#

ὦ# #
 (4.60) 

Replacing Eq. (4.58) into the above equation results: 

 ḈÔÁÎςύ‘
‘ὦ ὦ

ὦὦ‘ ρ
 (4.61) 

Similarly, by imposing the other two BCs one can obtain the following expressions: 

 Ḉ# ὦ’# (4.62) 

And: 

 ḈÔÁÎςὬ’
’ὦ ὦ

ὦὦ’ ρ
 (4.63) 

Eqs. (4.61) and (4.63) should be solved numerically to obtain the values of ‘ and ’. For a 

special case where the slip lengths are zero, similar results as described in Section 4.1 can be 

obtained. For instance, let us assume ὦ ὦ ὦ π, then Eq. (4.61) becomes: 

 ÔÁÎςύ‘ πᵼ ςύ‘ Ὥ“ᵼ‘
Ὥ“

ςύ
 (4.64) 

Also, if the bottom wall of the microchannel is fabricated from Periodic 1D strips of no-slip and 

no-shear BCs parallel to the flow direction, from Table 4-1, the effective slip at the bottom wall 

reads as: 

 ὦ  
fl

“
ÌÎÓÅÃ‰ 

“

ς
 (4.65) 

In that case, Eq. (4.63) becomes: 
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 ÔÁÎςὬ’
’ὦ ὦ

ὦὦ’ ρ
ὦ’ (4.66) 

To guess the approximate solutions, the graph of the functions on the both sides of Eq. (4.66) 

should be plotted, Figure 4-7: 

 

Figure 4-7: Finding the roots of Eq. (4.66) graphically ( ▐ Ⱨ□. 

Using the numerical method for the channel with ρςχ‘ά height, the first six solutions can be 

approximated as: ’ πȢπςτρȟ’ πȢπτψςȟ’ πȢπχςσȟ’ πȢπωφυȟ’ πȢρςπφȟ’

πȢρττψ. It can be seen that unlike Fourier series in the no-slip solutions, the arguments of sine 

and cosine in the general solution with Navier slip boundary conditions are not periodic. 

Replacing Eq. (4.58) and Eq. (4.62) into Eq. (3.56) and denoting ὄ ὃὅὅ , then: 
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 όὢȟὣ ὄ ÓÉÎ‘ὢ ὦ‘ÃÏÓ‘ὢ  ÓÉÎ’ὣ ὦ’ÃÏÓ’ὣ   (4.67) 

After differentiating twice from the above equation with respect to ὢ, it reads: 

 

ό

ὢ
ὄ ‘ ÓÉÎ‘ὢ ὦ‘ ÃÏÓ‘ὢ  ÓÉÎ’ὣ

ὦ’ÃÏÓ’ὣ  

(4.68) 

And differentiating Eq. (4.67) twice with respect to ὣ results: 

 

ό

ὣ
ὄ ’ ÓÉÎ’ὣ ὦ’ ÃÏÓ’ὣ ÓÉÎ‘ὢ

ὦ‘ÃÏÓ‘ὢ  

 

(4.69) 

Substituting Eq. (4.68) and Eq. (4.69) into Eq. (4.2) reads as: 

 

‘ ’ ὄ ÓÉÎ‘ὢ ὦ‘ÃÏÓ‘ὢ  ÓÉÎ’ὣ

ὦ’ÃÏÓ’ὣ Ὂ 

(4.70) 

 

Multiplying both sides of the above equation to ÓÉÎ‘ ὢ ὦ‘ÃÏÓ‘ ὢ  ÓÉÎ’ὣ

ὦ’ ÃÏÓ’ὣ  and integrating results: 

 ὄ ‘ ’ Ὅ Ὂ Ὅ  (4.71) 

where 
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Ὅ  ÓÉÎ‘ὢ ὦ‘ÃÏÓ‘ὢ  ÓÉÎ’ὣ

ὦ’ÃÏÓ’ὣ ÓÉÎ‘ ὢ ὦ‘ÃÏÓ‘ ὢ  ÓÉÎ’ὣ

ὦ’ÃÏÓ’ὣ Ὠὢ Ὠὣ  

(4.72) 

And: 

 

Ὅ ÓÉÎ‘ ὢ ὦ‘ÃÏÓ‘ ὢ  ÓÉÎ’ὣ

ὦ’ÃÏÓ’ὣ Ὠὢ Ὠὣ 

(4.73) 

Using the orthogonal property:  

 

 ÓÉÎ‘ὢ ὦ‘ÃÏÓ‘ὢ  ÓÉÎ’ὣ ὦ’ÃÏÓ’ὣ ÓÉÎ‘ ὢ

ὦ‘ÃÏÓ‘ ὢ  ÓÉÎ’ὣ ὦ’ÃÏÓ’ὣ  Ὠὢ Ὠὣ

π ÉÆ Ὥ Ὥ Ǫ Ὦ Ὦ  

(4.74) 

Ὅ  can be calculated as: 

 

ÓÉÎ‘ὢ ὦ‘ÃÏÓ‘ὢ  ÓÉÎ’ὣ ὦ’ÃÏÓ’ὣ Ὠὢ Ὠὣ

ὡὌ 

(4.75) 

where ὡ  and Ὄ can be found from Eq. (3.73) and Eq. (3.74), respectively: 

 ὡ ύρ ‘ ὦ ὦÓÉÎς‘ύ
ρ

τ‘
ÓÉÎτ‘ύ ‘ ὦ ρ  (4.76) 
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 Ὄ Ὤρ ’ὦ ὦ ÓÉÎς’Ὤ
ρ

τ’
ÓÉÎτ’Ὤ ’ὦ ρ  (4.77) 

Also, Ὅ  becomes: 

 

Ὅ ÓÉÎ‘ὢ ὦ‘ÃÏÓ‘ὢ  ÓÉÎ’ὣ ὦ’ÃÏÓ’ὣ Ὠὢ Ὠὣ

  

(4.78) 

where: 

 


ρ

‘
 ρ ÃÏÓς‘ύ ὦ ÓÉÎς‘ύ  

 

(4.79) 

And: 

 
ρ

’
 ρ ÃÏÓς’Ὤ ὦ ÓÉÎς’Ὤ (4.80) 

Finally Eq. (4.71) can be simplified to: 

 

Ḉὄ
Ὂ

ὡὌ ‘ ’
   

 

(4.81) 

Eventually by replacing Eq. (4.81) into Eq. (4.67), velocity profile can be obtained: 

 

όὢȟὣ Ὂ
 

ὡὌ ‘ ’
ÓÉÎ‘ὢ ὦ‘ÃÏÓ‘ὢ  ÓÉÎ’ὣ

ὦ’ÃÏÓ’ὣ   

(4.82) 
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4.4.1 General Velocity Profile 

By replacing the (X, Y) with the original (x, y) the final form of the velocity profile becomes: 

 
όὼȟώ ρȾ‘ύ  

ὖ
ᾀ

Ὥ
ί
 Ὦ
ύ

‘Ὥ
ς ’ὮςὡὭὌὮ

ÓÉÎ‘Ὥὼ ύ ὦί‘ὭÃÏÓ‘Ὥὼ
Њ

Ὦρ

Њ

Ὥρ

ύ  ÓÉÎ’Ὦώ Ὤ ὦύ’ὮÃÏÓ’Ὦώ Ὤ  

(4.83) 

4.4.2 General Flow Rate 

By substituting (4.82) into Eq. (4.17), we will have: 

 

ὗ Ὂ
 

‘ ’ ὡὌ
ÓÉÎ‘ὢ

ὦ‘ÃÏÓ‘ὢ  ÓÉÎ’ὣ ὦ’ÃÏÓ’ὣ  Ὠὢ Ὠὣ 

(4.84) 

After replacing Eq. (4.78) and some mathematical simplifications, the final form of the flow rate 

assuming general Navier BCs becomes: 

 ὗ  
ὖ

ᾀ

  

‘ ’ ὡὌ
 (4.85) 

 

 

 

4.4.3 General Average Velocity Distribution 

The average velocity can be calculated from the flow rate, Eq. (4.85): 
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 ό
 
ὖ
ᾀ
 

τ ύὬ ‘

  

‘ ’ ὡὌ
 (4.86) 

4.4.4 General Friction Factor 

Substituting Eq. (4.86) into Eq. (4.30) results: 

 
Ὢ

  
ὖ
ᾀ
Ȣ
τὬύ
Ὤ ύ

 

ρ
ς‘

 
ὖ
ᾀ
 

τ ύὬ ‘
В В

  

‘ ’ ὡὌ

ρ

ὙὩ
 

(4.87) 

Upon further simplifications, general form of Darcy friction factor can be obtained from Eq. 

(4.88): 

 
Ὢ

ρςψ Ὤύ

Ὤ ύ В В
  

‘ ’ ὡὌ

ρ

ὙὩ
 

(4.88) 

4.4.5 General Poiseuille number 

General form of Poiseuille number ὖέ becomes: 

 
ὖέ

ρςψ  Ὤ

ρ В В
  

‘ ’ ὡὌ

 
(4.89) 

4.5   Numerical  Modeling  of Rectangular Microchannel s with No-Slip BCs 

To numerically simulate the flow in the rectangular microchannel and validate the results of the 

theoretical modeling with no-slip BCs, COMSOL Multiphysics 3.5a was used which 

implements the finite element method (FEM) approach to discretize and solve the governing 
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equations. To this aim, first 3D models of the microchannels with the geometrical sizes shown 

in Table 4-2 were sketched: 

Table 4-2: Geometrical sizes of the microchannels used for numerical simulation 

▐ Ⱨ□ ◌ Ⱨ□ ╛ □□  ♪ ◌Ⱦ▐ ╓▐ Ⱨ□ 

20, 10 60, 20 1 3, 2 30, 13 

 

Subsequently, DI water with density of ” ρπππ , dynamic viscosity of ‘ πȢππρ 0ÁȢÓ, 

and zero body forces were defined. Inlet pressure was varied from 500Pa to 4000Pa while 

atmospheric pressure was defined as the outlet BC. Other domains of the microchannel were 

considered as the solid walls with no-slip BCs. Three dimensional form of Navier-Stokes 

equation was used to simulate the results. 

To mesh the model, tetrahedral meshes with six edge lengths, ꞊, were used. Firstly, the mesh 

quality,   χςЍσᶅȾ В ꞊ , where ᶅ  is the element volume, should be larger than 0.1 to 

not affect the solution quality. Secondly, the numerical results should be both grid independent 

and close to the theoretical values. Finally, due to the nonlinearity of the governing equations, 

iterations are needed for the convergence of the solutions. To this aim, the relative error and the 

pre-factor should be properly defined so that the product of relative residual and pre-factor 

becomes less than the desired tolerance, convergence criteria. Accordingly, the mesh size was 

refined to extra fine meshes with the minimum mesh quality of 0.1985. Total element numbers 

of 17191 tetrahedral grids were generated after testing the grid independency. Using BiCGStab 

as a linear system solver and appropriate pre-factor of υπ, it was found that all the numerical 

results converged with the relative error of ρπ  after 32 number of iterations.  
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The grid shapes as well as velocity distributions on z-plane are shown in Figure 4-8.  

 

Figure 4-8: Numerical modeling of the microchannels: (a) Extra fine tetrahedral meshes structures. (b) 

Numerical velocity distribution (m/s) on z-plane for pressure gradient of 500 Pa. 

Comparison between the derived analytical velocity distributions, i.e., Eq. (4.14), and the 

obtained numerical results across the channel height and width (along the vertical and horizontal 

directions of the microchannel, respectively) are illustrated in Figure 4-9 for two different values 

of channel aspect ratio at the same pressure gradient (500 Pa). 
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Figure 4-9: Velocity distributions at different channel positions and aspect ratios (P=500 Pa) as 

compared with the obtained analytical formula and numerical results, 1D refers to Eq. (4.25). (a), (b) 

Velocity profiles across the channel height. (c), (d) Velocity profiles across the channel width. 

The analytical results are in excellent agreement with the numerical simulations at different 

locations of the channel cross-section, except on the planes very near to the channel walls. As 

expected, maximum velocity occurs at the mid planes (ὼ ώ π. Also, it is shown that 

classical equation of Hagen-Poiseuille, i.e. Eq. (4.25), can only predict the maximum velocity 

distributions on the mid plane, i.e. ὼ π. Further, this equation overestimates the numerical 

values of 2D velocity. 




























































































































































