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Abstract

The main objective of this thesis is ¢baracterize andhvestigatesinglephase liquid flow in
microchannels and can be divided into two parts: analytical modeling and experimental
investigation In the analytical paytvelocity distribution and Darcy friction factor of liquid flow

in both parallelplate andrectangular microchannels were revigbdoreticallyby taking into
account the effestof slip boundary conditions as well te aspect ratio of the channeFor the

case of paralleplate microchannefjenerating mechanism of slip was attributed to the existence

of a lowviscosity region beteen the liquid and the solid surface. Two different cases were
considered based on the pressure gradient-@ja@ating air region, where the net flow rate of

gas phase was zero; b) reduced viscosity gas region, in which pressure gradient wastassumed
be the same at both phases. It was found that the slip length in both cases was directly
proportional to the ratio of liquitb-gas viscosity asvell as the air gap thickneddnlike other

studies which used empirical values of air gap, here, equateswibing this parameter were
derived based on different ranges of Knudsen number for the case of reduced viscosity region.
For the case of rectangular microchanne&sy analytical forms of velocity distribution, Darcy
friction factor and Poiseuille numeb in laminar liquid flow in rectangular microchannels were
derived using the eigenfunction expansion technique. Three different boundary conditions (BCs)
were considered: nslip BCs, constant slip BCs, and general Navier slip length BCs. Due to the
symmery of the solutions, the effects of changing the aspect ratio from D weere also
discussed. Using finite element method (FEM), the obtained analytical results for the case of no
slip BCs were further compared with the 3D numerical simulations for életamgular

microchannels with nglip BCs and different ranges of aspect ratio and pressure gradient.
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In the experimental sectipan important geometrical parametérthe hydrophobic micropillar
surfacedermed as eccentricityhe centeto-center offet distance between successive columns
of a square lattice of micropatterned surfadesth micropillar and microhole arrgysas
introduced.First, the combined effects of changing relative spacing, eccentricity, and viewing
directiors on the wetting conditionsf the fabricatednicropillar surfaceswvere experimentally
investigated.The contact angle distribution was found as a periodic function of viewing angle
whose period depends on the micropillar eccentricity. The results shdwaedartisotropy
increases by increasing the micropillaormalized eccentricity -*, or decreasing the pillar
relative spacingO’ . However, the effect of changing the micropillar ecdeityrwas much more
pronounced. Micropillars with -*  p8t mand smakr ‘O° showed maximum degrees of
anisotropic wetting and droplet distortion corresponding to 7% and 15%, respediisiely.the
measured droplet aspect ratio, corrugated shapes of theptiase contact line of the
micropillars were also reconstructedn#ly, a simple yet effective seranalytical model, based

on Fourier series curviiting of the experimental data, was developed to describe the

equilibrium 3D shape of the droplet on anisotropic surfaces.

Subsequently,the wettability of microholestructures fabricated by replica molding of
polydimethylsiloxane(PDMS) was analyzed by measuring both static and dynamic contact
angles. It was found that wetting conditions can be controlled not only by changing the
normalized widths but also the eccérities. Generally, increasing the micropattern eccentricity
increased the contact angle hysteresis. The effect of changing the eccentricity was more
pronounced for large normalized width microhole arrays. In particular, for the cé&¥e of &

increasing-" from 0 to 2.6 increased the contact angle hysteresis fvogq Jto o @ J
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Dependency of the contact angle hysteresis on microhole eccentricity was explained by the shape

of the thregphase contact line on microhole configurations.

Finally, owing to the advantages of the microhole surfacasseries of experimentwas
performedon the microchannels fabricated frasuch hydrophobic microholarrays and the

drag reduction efficiency was evaluatéthe results indicated that the impact of microhole
eccetricity on drag reduction performance correlated well with the contact angle hysteresis,
rather than the static contact angfeparticular, on the microchannels fabricated from microhole
surfaces with the minimum contact angle hysteresps @ Jthe maximum percentage @nease

in the relative velocity, i.e39% and maximunslip length of¢& & &were observedrFor the

same normalized width, increasing the normalized eccentricity eventually reduces the percentage
increase in relative velocity and slip length down to%d6and 1o p & respectively. The
obtained results were in qualitative agreement with thetiegi theoretical and numerical
models. These findings provide additional insights in design and fabrication of efficient

micropatterned channels for reducing the flow resistance
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Chapterl Introduction

Chapter 1 : Introduction

1.1 Background

Microchannkis a basic componenih drug deliverydevices micro-electremechanicakystems
(MEMS), lab-on-a-chip systemsand othemicrofluidic componentsLarge surfacgo-volume
ratio (SVR) of microchannels makes them an excellent chfoiceompact and efficient heat
exchangers in et#éronic cooling devices[1-3]. In biomedical and chemical sciences,
microchannels are used to deliver and analyze the micron sipbafibal and chemical
substancepd]. Therefore, omplete understandingf the flow characteristics in microchannels is

essential to improvihe performance of such an interdisciplinary field.

Incorporating plastic and polymer d&d materials such as patyethylmethacrylate (PMMA)

and polydimethylsiloxane (PDMS) besides silicon and glass facilitates the microchannel
fabrication techniques greatly. Nevertheless, theoretical models governingssai@ldomains
have not been progssed as rapidly as their fabrication techniques. In other words, fundamental
hypotheseswhich corventional theories are based omed to be reconsidered carefully when
working in microscale domains otherwise unacceptable deviations from experimentia resu
would occur For instancethe continuum assumption in modeling gas flows in microchannels is

not valid due to the comparable size of the system with the mean free path of the gas molecules.

1.2 Validity of Conventional Flow Theories in Microchannels
To verify the applicability of NavierStoke (NS) equationsn microchannelsliquid flow rate
can be measured at the impogeéessuralifference along the given length of the microchannels

The obtained resultsan then be compared to that predicted ByS equations Alternatively,
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Chapterl Introduction

Poiseuille numbetthe product of the friction factor and Reynolds numloan bedeterminedby
gradually increasing the pressure differences and recording the corresponding values of the flow
rate. For laminar flows, conventidruid dynamicstheoriesstate that thissumbershould bea
fixed valueregardless of channel roughness. Howelvased on the prior experimental works in
the literaturethere is a lack of consensus regarding tAiee main sources of the discrepancies
of theseexperimental datenight be related to the followingsueq5]: 1) difficulty in measuring

the microchannel dimensions before and after the expetimecurately 2) experimental
difficulties in precise measementsof the flow rate and pressure drop along the microchannel
length; 3) evaluatingnearwall surface effects afhe microchannelsThe first twoexperimental
difficulties give rise to the urertainty of the experimental results and can be minimized by
appropriate selection diie testinstruments. Howeverhé prime reason of #sediscrepanesis

due to the dominant channel walls effecta the flow through microchannelsAs the
characteristic size of the chanmereducedsurface effects become more pronounced even in the
laminar region.This implies that depending on channel wall conditions, drag favoethe
microchannels can be greater than, equal to or ewealler than correspondingvalues in
macrochannelsAccordingly, three different microchannel wall surfa@es distinguishable as

shown inFigure 1-1.

(a) (b) (c)

Figure 1-1: Schematic presentation of three different microcharnmalissurfaces: (aj\tomically
smoothwalls. (b) Naturally roughwalls. (¢) Microstructuredoughwalls.
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As illustrated inFigure 1-1(b,c), roughness ratios of the solid waflight cause the neawall
flow to behavedifferently. . In the frst scenario liquid might penetate into the cavitiesas
shown inFigure 1-1(b), and this isknown as noncomposite statéonverselyliquid may stay

atop of the roughnesas shown irFigure 1-1(c), and this iknown as composite state.

Larger values ofhefrictional losses in the microchann&anbe attributed tohe large values
of relative roughness (roughness amplitude divided the channels height) especitdfy in
noncomposite statelt should be noted other micszale effectsin extremely small
microchannels, typicallgmallerthanp ft & such as electrovisos [6] and pressurdependent

viscosity effect§7] can also give rise to the frictional losses.

On the other hand,ri€tional drag in microchannelscan be smaller thathose in the
macrochannelsnainly as a result of slip between the liquid and solid surface. For the case of
atomically smooth surfacesyo situations may lead to slip, namelgry high shear rate flows
and hydrophobic channels the first casesepulsive forceinduced bythe high shear ratemay
overcomethe attractiveVan der Wals forcesat the solid surfacandlead tointrinsic slip For
the water flows this happens when the shear isatdgher tharp 1 O A A. In the case of
hydrophobic channelpresence of tiny bubble®ear the solid wallsnight act asa cushion. This
canlead toan apparent slipf the flow at the vicinityof the solidwalls. For instance, wall slip
velocity up to 9% of the free stream velocity was observed for water flows in hydrophobic
channels at maatate shear ratd8]. For microengineeregurfaces shown inFigure 1-1(c), the
effective contact areas between liquid and solid are greatly reducearareplaced with air
pockets. That means, the liquid is in contact with periodislippand sheafree regions, and

therefore thefrictional losses can be effectively reduc&tese results imply that microchannels
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surface conditions can greatly affect the liquid flow even in the laminar regrah careful

characterizatiosof these surfacareessential to obtaiaccurataesults.

1.3  Objective of the Current Project
Recently,implementingthe microstructured surfaces microchannelss the passive method to
reduce the frictional losses in laminar flow has attracted many attentibosl flow
chaacteristicsat relatively large Reynolds number (typicalbyjt 'Y Q v 1)1n microchannels
made fromperiodic arrays of alternating microgroove and microrib as well as aligned micropillar
structures were extensively evaluated

The main objective of this #sis is to advance the current understandfrginglephase liquid
flow in microchannelsClassical theories describing the hydrodynamics of the liquid flow will be
modified to account theffects of slip boundary conditions as well as the finite aspéctof the
microchannels. A important geometrical parametef the micropatterned surfacésrmed as
eccentricityis introduced. Subsequentlthe combined effects of changirtige micropatters
relative spacing andccentricity onboth isentropic and anisotropigetting conditionswill be
evaluated. Novel techniques used to depict the corrugationseothteegphase contact line
shapes ofthese surfaces are presented and discugsedlly, a series ofmicrochannelsare
fabricated fom these micropatterned surfacesyd thevolume flow rates at the different
hydrostatic pressures are found experimentédly low Reynolds numbersThe effects of
micropatternseccentricityand spacingas well asthe aspect ratioof the microchannslon slip

lengtls are discussednd conclusive remarks are presented.

1.4  Scope of the work

In Chapter 2, a comprehensive literature reviegarding wetting analysis @hicropatterned

surfacesas well as liquid flow characteristics through thecrochannelsmade from such
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hydrophobic surfacess presentedin Chapter 3, Newtonian liquid flow in paraHplate
microchannelsmade fromtwo different channelwalls with unequal wettability and surface
conditions will be evaluated. The classical formulas for velocity, flow rate, and shear stress will
be revised to incorporate the effect of slip velocity near the solid walls. In addition, for the case
of hydrophdic microchannels with air flows at the top and bottom, the previous vareks
modified by proposing the estimated value of air fraction thickness for different ranges of
Knudsen numbern Chapter4, analyticaland numerical modelsf liquid flow in rectangular
microchannels arpresentedin particularthe effect of aspect ratmf rectangular microchannels

is evaluatedusingthe two-dimensional solutiosin terms ofdualfinite series Also, the solution

is extended to the cas®f a constant slip velocity at the bottom wall byperposingthe
eigerfunction expansion methodith the separation of varialdeéechniqueas well as general
Navier slip length boundary conditiangn Chapter 5, the fabrication process of the
micropaterned surfaceat different values opillars/holeseccentricity and relative spacirage
described in detailsFurthermore,the detailed experimental procedures to fabricate and
measuring the mean velocity of microchannels made from such hydrophobic surfaces will be
describedChapter 6 is dedicated to the results and discussions of the both wettability analysis of
the micropattered surfaces and dragduction performance of the hydrophobic microchannels.
Wettability of such surfaces is analyzed by measuring the values of static and dynamic contact
angles of single droplet. Results of changing the micropatterns eccentricity ainerepacing

at different viewing directions are also presented. Finally, two simple yet effective methods to
depict the corrugations of the thrpkase contact line for anisotropic surfaces will be also
proposed.Then, the results of the pressure drivélow in hydrophobic microchannels will be

presentedand the relation between the microchannel slip length and micropatterned surface
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wettability, in particular eccentricity, will be thoroughly discussehally, the conclusion and
summary of the key findgs of this study are presentedn Chapter7. Recommendations on

future work are also presented in this chapter.
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Chapter 2 : Literature Review *

2.1  Introduction

One of the challenging issues in the domain of micro/nanofluidics is the proper formulation of
liquid-solid interaction. Interpretations of the experimental results critically depend on the
precise evaluation of the liquid close to the solid walirthernore, deriving the final form of
fluid flow in any channels is not possible unless the interactbribe liquidsolid interface,
known asboundary conditions (BCspare well defined. Also, wetting property of a surface
represented by contact angleis an important factor affecting the newall liquid flows.
Experimentsshowedthat the amount of slip on hydrophobic (lownergy) surfaces is much
higher than that on hydrophilic one€gherefore, it suggests that there should be a relationship
between the g length (microscopic property) and wetting conditions (macroscopic property) of
a surfaceThis chaptecovers a review of different approaches used to analyze the wettability of
roughnessnduced hydrophobic surfaces as well as theoretical models degctlie drag
reducing ability of such hydrophobic surfac&his chapter is divided intéive sections.In the

first and second sectionssentropic and anisotropic wetting conditions of micropatterned

*
This chapter was partially publishadthe followingjournal papers:

U N. Kashaninejad, W.K. Chan, N. T. Nguyen, AEccentrici
Langmuir (American Chemical SocieACS), 201228 (10), pp 47984799. DOI:10.1021/1a300416x

U N. Kashaninejad, N. T. -phasacpraant,line Bhape. and Gbcantrigity difdcthaf e e
anisotropic wetting on hydrophobic sur f-58%,es 0, S
DOI: 10.1039/C2SM26963E

U N. Kashaninejad, N. T. tridity ieffeetsr of mitkbhdle arra@sh anrdrag rédHcton e n
efficiency of microckk nnel s wi t h a RhysidsrobRuldo(Amedcamirestitute @f, Physiss?
Publisher), 2012, 24 (11),pp. 112008, DOI: 10.1063/1.4767539
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surfaces are reviewed. A brief historical review Wil presented in the third part regarding the
concept of slip length. In the fourth section, parameters influencing the effective slip length of
superhydrophobic surfaces will be discussed in defélis. ast section contains the summary

and outlook of trs chapter.

2.2 Review of the Available Works for Quantifying Isentropic Wetting
Conditions of a Microstructured Surface

Evaluating the contact angle behavior of a solid surface is of great importance for many
practical applications such as seléaning coatigs, surface tension driven flow imicro-
electromechanicalsystems (MEMS), and drag reduction of film liquid flow in
micro/nanochannels. It is wekhown that micro/nano arrays of pillars on a surface can greatly
affect the contact angle. The wetting properties of artificially roughened surface referred to here
as micropatterned surface have been evaluated extensively in the litf@atdfeTwo extreme
situations may occur on these micropatterned surfaces. First, the droplet may penetrate into the
gap between the pillars known as nomposite state;na second, the droplet may stay on top of
the pillarsenclosing air pockets termed as composite state. The noncomposite and the composite
states were evaluated byenzel[9] and CassiBaxter[15], respectively. The contact angle was
determined as a function of intrinsic contact angle as well as roughness geometry with
parameters such as roughness factor and wetted area of solid fraigjior.2-1 illustrates the
side view of a typical micropatterned surface with geometrical parameters such as width (top
bottom@, base angles (tap, bottomf ), height—, and spacin@. In thesame figure;- depicts
the height of an air gap underneath the liquid dvdmich is 0 for noncomposite state atafior

composite state.
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Park et al[16] reported that depending on the relative values of pillar spacing and heights,
observed wetting states could be considered as mixed wetting statg, i.ef— p, . The
liquid-air meniscus could either be convex or concave for hydrophobic or hydrophilic pillars,
respectively. Chen et gl17] introduced a dimensionless number as a function of pillar height
and size, and experimentally showed that a large apparent contact angle is achievable with this
number larger than 4 and a small solid fracti@mer and McCarthy[1§] investigated the
dynamic hydrophobicity of extensive micropatterned surfaces and reported that as long as the
length scale of the square micropillars, with the equal spacing and size lese than
composite state with large contact angle and small contact angle hysteresis could be obtained
regardless of the pillar height. They also observed that changing the pillar shape would affect the
dynamic contact angle which is not predictable tbg CassieBaxter theory. Extrand19|
introduced two criteria ensuring the composite state, namely, the contact line density and the
asperity height. To identify the role of the factors determining the wettability condition of the
micropatterned surface, Li and AmirfagR0, 21] performed a comprehensive theoretical work
based on free energy and free energy barrier of a metastable energy state, which was the
simplified version of the thredimensional approachrgviously proposed by Johnson and Detree
[22]. The obtained analytical formula clearly explained how geometrical parameters of a pillar
affect the wetting condition®1]. Li et al.[23] extended the previous analysis for the trapezoidal
micropatterns and concluded that pillar base anglen Figure 2-1 was also important in

determining the transition from the composite state to thecoonposite one.
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Figure2-1: lllustration of micropatterned surfaces wilte pillar parameters introduced in the
literature

The applicability of CassiBaxter and Wenzel theories were supported but in some cases
guestioned by various researchers over the y&#87]. From the thermodynamic point of
view, the contact angle on any surface can be determined by minimization of the Gibbs free

energy, Q whose change can barulated as followg3g] :

QO Q6 Q6 o Q6 YoAn T (2.1)
wherel denotes the interfacial surface energy and subsciyfitsand w correspond to solid,
liquid and vapor phases, respectivéljnie change in volume of the drég, as a result of the
change in the Laplace pressur¥d , is negligible for incompressibl substances. The line
tension or energy per unit lenglQis associated with a length increment in the tplease
contact lineAd The effect of changing the thr@hase contact line has been neglected in
derivations of the both Casdiaxter and Wenzdormula and is the main reason of the long
dispute in the literature regarding these theoftes.example, Chen et 4B9] demonstrated that
surfaces with the same soliduid area fractions can have different contact angles which proved

the importance of the thrgehase contact line. Similarly, Extrafdi0] showed that interactions
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at the contact line and not the contact area control wetting of heterogeneous surfaces. Gao and
McCarthy[28] also showed a large deviation between experimentally measured contact angles
and those predicted by the CasBexter equation. Anantharaju et &#1] experimentally
compared two situationdiffering only in the microstructure of the roughness. iThesults

showed that the contact angle on surfaces with microholes was independent of the void fraction

due to the continuity of the contact line.

2.3 Review of the Available Works for Quantifying Anisotropic Wetting

Conditions of a Microstructured Surface

In contrast to isotropic surfaces, the contact angle varies along different viewing angles on
anisotropic surfaces. Directional dependency of the contact angle known as anisotropic wetting
is preval@t in nature such as allowing water droplet movement along the edge of rice, pandanus
(screwpine) and bamboo leavigk2-44] , and rolling off (pinning) of drop along (against) the
radial outward direction of the central axis of the butterfly wif#$. In general, asymmetry of
either surface chemistry or surface morphology may lead to directional dependency of the
contact angle. Accordingly, two methods can be devised to artificially fabricate anisotropic
surfaces, namelypnedimensional (1D) and two/thredimensional (2D/3D) methods. In 1D
approach, periodic planar regions of alternating hydrophobic and hydrophilic strips are formed
using chemical coatings on macroscopically smooth surfaces. The wettability of thesessurfa
was analyzed experimentally, theoretically and numeri¢dby52]. In 2D/3D approach, rough
surfaces with asymmetrical micro/nano protrusions are fabricated as a result of highly advanced
micro/nano fabrication techniques such as optical/interference lithography, embossing and
imprinting, wrinkling, etc, for 2Dfeatureqg53, 54] and inclinel/multi-photon lithography, metal

assisted chemical etching, elastocapillary-asffembly, et§54], for 3D geometries (dimed as
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high aspect ratio and variable vertical direction geometry such as zigzag and helical pillars).
Moreover, by fabricating gradient surfaces whose chemical and/or topographical features can be
gradually changed, unique anisotropic properties sucbrasolling the drop motion in a desired
direction, could be obtaind85-57].

Because of its potential applications, attempts deniify the roles of key parameters
influencing anisotropic wetting are of great interest for the research community. Directional
dependency of the contact angle of different natural surfaces, such as rice leaf stfG6tures
and other synthetic microstructures, including checkbpatterned surfzes [59], wrinkled
surfaces[60, 61], ratchetlike topographical structure6?], elliptical silicon arrayg63] and
stooped polymer nanohaifé4], and tilted polymer nanorod arraj®6], has been evaluated.
Among many asymmetric microstructures, surfaces with periodic parallel grooves at tifferen
length scales, pitches, height, etc were extensively investigated in the lit¢B&Us& 65-78].

Chen et al[66] reported a serranalytical and an experimental study of microgroove surfaces.
Higher observable contact angle in the front view of the droplet compared to the side view was
attributed to the squeezing and pinning of the droplet along the direction of the grooves and
stretching across that direction. Neuhaus et[@F] investigated microstructured surfaces
consisting of both groove and square pillarshwiitree different wetting conditions, namely
hydrophobic, moderately hydrophilic @grvery hydrophilic. They found that on moderately
hydrophilic groove substrate, a water droplet pinned to the structure and became elongated. The
contact angle was considbha higher (up too ¥) along the viewing direction parallel to the
groove as compared to that from the perpendicular direction. In the case of square micropatterns,
thedroplet shape deviated from being circular especially for the case of moderate Hialigphi

and interestingly anisotropy was observed on those topographically symmetric structures. The

Page [L2



Chapter 2 Literature Review

contact angle was higher (around for the case of hydrophobic and for the case of
moderately hydrophilic conditions) along the edge as compared thethenal viewing direction
of the square pillars. For both patterns in hydrophilic state, almost the same isotropic contact
angle was reported. Long et fI5 systematically investigated the static and dynamic wetting
anisotropies of eight different translationally symmetric elongated ridges by gradually increasing
the length of subsequent dis@etdge to finally form a continuous microridge structure. They
reported that by splitting the continuous ridges into the discrete ones, the static and dynamic
contact angle anisotropies substantially decreased, but did not diseqppgéetely

In all theseprevious works, the anisotropy of the contact angle has been measured along very
limited viewing directions, mostly parallel and perpendicular directions. More importantly,
directional dependency of the discrete square micropillar structure has noydbemraluated

systematically in the previous works.

2.4  Solid-liquid Interactions: Slip Length

In the preceding two sections, previous works regarding the wettability analysis of surfaces
were reviewed. As explained before, slip flow can occur in microchannels fabricated from
surfaces with low wetting conditions, hydrophobic surfaces. Thereforeg tteould be a
correlation between the contact angle of the surfaces and slip length of the microchannels made
from such surfaces. In this section, after briefly introducing the methods used to probe the slip in
hydrophobic microchannels, tkencept of sp length will be further elucidated.

Determining the interactions of liquid molecules adjacent to solid surface is still a challenging
issue, and it iespeciallyimportant in small scale domainExperimentallytheseinteractions,
guantified by slip lentlps,can be obtained by two methods:iddlirect methogd?2) direct or local

method.To measure the sligngth indirectlythe effective slip lengtis foundby comparing the
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value ofthe measured parameter with its value obtained theoretiaallygno-slip assumption.

This measured pameetercan be flow rate, viscous force, sedimentation velocity and potential
difference in pressure driven flows, drainage force measurement (SFM/AFM), sedimentation and
streaming potential systems respectivdly.local mehods, the velocity field near the solid
surfaceis measured, and thstip velocity very close to the wal obtained directlyThere are

three important techniques used for directly measuring the slipariitle imagevelocimetry

(PIV), 2) nearfield laservelocimetry (NFLV) and3) fluorescencerosscorrelation (FC).In the
following parts after a brief historical review, the concept of slip length will be further explained

through a rich source of experimental and analytical works.

2.4.1No-slip Assumption

One of the famous assumptions which cannot be proved by the available principles is
assumptiorof no-slip BC, as shown irFigure 2-2(a) where6 is the bulkflow velocity. This
implies that thevelocity of the molecules very close the wall is the same as the solid wall
Based ona famousexperiment, Bernoull{79] in 1738 was among the first scientists who
proposedhe notion of neslip BC. He states that velocity of the working fluid across the rigid
channel decreases frommaximum atthe center to zero at the solid wall. Having debated over
this empirical assumption since 1818spkes commissionedby the Royal Academy of Scienge
finally declaredthe no-slip BC as the standard assumption which was clostetexperimental

results. A thorough historical overview on this assumption is presented by Netd &lal.

2.4.2 Motionless Liquid Layer Hypothesis

Girard [81] brought up the idea aofhe existence of motionlesslayer of liquid in the

proximity of thewall which was allegedly responsible for occurrence of liquid slip. Wetting
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properties of the solid surface, uniformity of its materials and wall curvature were the main
factors affecting the thickness of this layer and the amount di8§ljpThis situation is shown in

Figure2-2(b).

2.4.3 Navier Slip Length

The idea of slip length wa#st proposed by Navidi82] in 1823.This model is among the
most acceptedconstitutive equatia The model states that slip velocity at the wall, is
directly proportional to the local shear rdte¢! wThe constant of proportionality is called slip
length,c Figure2-2(c). That is:

T O 1 0
5 6 — 0 0 —, 2.2
0 A o] wT i (2.2

Based on the values of slip length, three distinct situations are distinguishable. First, when slip
length is zero, the boundary condition becomes the samedpr{stick). Second, for negative
values of slip length, the spal | ed Al o [BY.ilnntlgsocasehbulk liguids layersand
nearwall fluid layer are firmy joined together and move with the wall velodi84]. The last

situation which has many practical applications corresponds to the positive values of slip length.

In thatcase, liquid partially slip on solid walls@ the fluid resistance reduc&sgure 22(c).

YA u, Ay, A uy
us
otionless Liquid (Us”
Solid Wall - s
b

Figure 2-2: lllustration of three solidiquid interactionsa) No-slip BC. b) Motionless liquidayer. c)
Navierslip length (redrawn with some changes fri@]).
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2.5 Effective Slip Length and Drag Reduction on Microstructured Surfaces

Parameters influencing the surface wettability conditions can subsequently affect the slip
length and the bulk flow resistance. In addition, pinning of the droplet to the surface
heterogeneities may also affect the bulk flow friction factor. This pinnirgefdD , acting like
a frictional resistance, is related to the advancig,and receding—, contact angles of the
single droplet;O © AT-© AT-9, as shown irFigure2-3. This shows the importance of
evaluating the wetting conditions of the superhydrophobic surfaces in addanite size of the
channelreducesthe flow resistance becomes high€herefore, techniques faninimizing the
frictional drag in microchannelare extreméy importart for these applications. One of the
passive techniques to decrease the flow frictional resistance is to pattern the microchannels with
microstructured surfaces such as microgroove/nld eicrgillar/hole arrays to reduce the
effective solidliquid contact area, shown iRigure 2-3. These surfaces are fabricad by
incorporatingroughmess followed by coating with logurfaceenergy materials. In this situation
flow of liquid would be in Casst®axter regimeln this caseintrinsic slip between molecules
can be estimated via macroscopic experimental measureimesoich microchannels, the liquid
is in contact with periodic nelip and sheafree regions.Thus, the classical rslip boundary
condition (BC) is replaced by an effective slip velocity. The validity of this assumption was

verified theoretically|85-87], experimentally88-90] , and numerically91-93] in the literature.
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7 single droplet bulk flow
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Figure2-3: Schematic configuration of BCs on a superhydrophobic surface

Having used conformal mapping method to solve Laplace equation with mixed boundary
value problems, Philip85] solved the flow over such surfaces with the stiese region paralle
to the applied pressure field, ilengitudinal configurationThe final form of the slip length can
be summarized as:

- fI\ . N 1]
® i oI IOAA < (2.3)

where fl is period of sheafree regions and 'Offl respectively. Also for the case of

transverse flowLaugaand Stong87] found the followingexpression for effective slip length

© 1‘| O AR E (2.4)

provided thafl approaches zero and is fixed. Thisrelationshipshows that slip length in

longitudinal flow is twicethe transverse flow This indicates thathe orientation of the

superhydrophobic surface can affectfilné flow resistance

More general scaling of the slip length has beemductedby Ybert et al.[94] for

micropatternedgurfaces with both ribs and pillafBheir result can ®expressed as follows:
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y G . AOBDR@D Ot ‘f it Cf o 25
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Assuming sheafree region®ver the gapsak a result ofery small viscosity othe gases), shear
stress on amicropatternedsurface with the pillafrib width 0 as shown in Figure-3, can be
scaled ag %o ‘ 010 where%o. is the solidliquid area fractiono is the average flow velocity,

and 670 is the estimated value of shear rate for Stokes flow in this state. As the solid fraction
decreases, slip velocity becomes closer toaherage flow velocity. Thudpr a perfect slip

model, %0 © 1, 6 asymptotially approaches, and in this case shear stress can be scaled as:

(0]

0 0
T %' = : > %o — (2.6)
0 0
Upon comparindeg. (2.6) with Eq. (2.5), therelated scale of slip length obtained

o 1 E 1)/5 (2.7)

00
For two different configuratiom of roughness onthe micropatternedsurfaces, namely

micropillars as well as microribghe general forrs of theslip length become

< fl D EAOT OEAO
. fl . Lo s £y 3y oz o a (28)
wr DD EAOI BEI I AC .

%00

For microribs,Eq. (2.8) shows that slip length depends more stronglyfbandweakly depends
on %o.. This is in agreementvith the above obtained scaling rule for slip length over
micropatternedurfaceswhere slip length was found asogarithmic function of solid fractign

Egs.(2.3) and(2.4).

Orientation effect of surface microstructsi@n the effective slip length wdsrmulated by

Bazant and Vinogradovi®5]. They found thathe general slip fonula isa second rank tensor
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where theeffective slip lengthin the parallel,® e and perpendicula f , directionsare
eigenvalue®f this generamatrix, as indicated below.

@ @AT & O HOE-T— ® s ® R OEJAT-O
) (2.9

~

W s ® i OERAT-O® F@(’)EJ— ® F AT &

This equationis capable of calculating effective slip length in any direction. Schematic view of

such anisotropic surfaces is presenteigure2-4.

[ }‘ gradp

Figure2-4: Schematic view of anisotropic texture on SH surfaces

Theoretical modeling ofsuperhydrophobiamicrochannels was modified by taking into
account the effect of liquithater curvature bySbragaglia and Psperetti[96]. Belyaev and
Vinogradova[97] considereda more realistidBBC between liquid and gasterfaces Sheasfree
BC is equivalent toan infinite amount of Navier slip lengthhowever, from experimental
observation it canvary from 5 to 50Qum. This meansthat thesheaffree assumption may
overestimate theexperimental results. The effective slip length of superhydrophobic

microchannels with mixed rslip and partial slipvasformulated as follow$§97]:
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. fl 1 TOAA < . O e
W s T T~ AR m = QW p T (2.10)
p =gl OAR ¢ OAT ¢

For the 2D micrpillar superhydrophobic surfaces small solidiquid area fractiorfe, Davis
and Laugd[98] developed an analytical model to predict the effective slip lergthp,

This expression can be written as:

D o 11p W (2.1)
(A) h cu l.IJ %0 o p c *

This equation is in excellent agreement with the semmerical model developed Mpert et al.

[94] for micropillar configurationsEq. (2.8).

Besides the analyticadescriptionof slip length which were briefly explained here, there are
many experimental works nducted on superhydrophobic microchann@lstanabe et a[99]
usedlow-energy surfaces to redutiee drag oflaminar flowsof Newtonianfluids. A reduction
of dragof 14% was observeébr wate flowing in a circular pipe witta diameterin the ordeiof
severalmillimeters. To date no other researchers have reported such extestagf reduction
Ou et al.[88] systematicallyfabricateddifferent hydrophobicsurfacesfrom silanizedsilicon
whosestaticcontact anglesverein the range op o’mo p x’1 The contact anglbysteresisvas
more thanc 9. They reportedh slip lengthof up to¢ © @Gonthese surfaces. Numerous studies
were conducted to investigate tnduence of different parameters of superhydrophobic surfaces
on drag reduction. More details on these works were recently revi¢dd100, 101].
Wettability and consequently slip length are functions of the shape of microstructured surfaces.
Aside from random roughness structuf&827, previous works showed different values of slip

length for flow in different directions (parallel or perpendicular) through microgrooves,
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microribs [97], micropillars, and microholegl33. These results suggest that slip length may
also be a function of the midrole eccentricity. The effect of microhole eccentricity on
static/dynamic contact angles as well as bulk frictional flow resistance has not been investigated
in the literature, and is the main objective of this projebe dirag reduction performance oéth
microchannels made of such hydrophobic microhole surfaces will be evalliagahbtained
results will be discussed in terms of relative velocity increase anefffénetive slip lengthand

will be compared with the available theoretical and numeridal idathe literature.

2.6 Summary

In the literature, the effects of geometric parameters of microstrucioréee slip lengttand
drag reduction efficiency of the hydrophobic microchanreie thoroughly investigated. Both
analytical and experimental results suggest that the slip length should be independent of the
microchannel height and can have the formaf "Q%ffl . These parameters also affect the
wettability of the surfac€l02. For instance, if thepacingof a micropillar array is large, liquid
may penetrate into the cavities and the wetting condition shifts from CBasgier state into the
Wenzel state leading to a decrease in the slip length. Therefore, parameters influencing the
surface wettability conditions can subsequently affect the shgtie and the bulk flow
resistanceAlso, pinning of the droplet to the surface heterogeneities may also affect the bulk
flow friction factor. This pinning forcewas related to thecontact angle hysteresis of the
heterogeneousurfaces. Therefore, it seemshat wetting conditions of the microstructured
surfaces can greatly influence the slip flamd should be evaluateiccordingly, in this chapter,
approaches used in the literature to quantify the wettability of the micropatterned surfaces were

first reviewed. Subsequentlya wide variety of analytical advances used to model the drag
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reduction ability of hydrophobic microchannels fabricated from micropatterned surfaces were

alsodiscussed.

In the next two chapters, theoretical modeling of microchanneldbwipresented by taking
into consideration the effects of slip BCs and finite witdtheight aspect ratio of the channel.
To experimentally evaluate the slip flow in microchannels, firstwk#ability analysis of the
channel surface walls will be anabd by introducing a new parameter termed as eccentricity.
Finally, the dragreduction capability of the hydrophobic microchannels fabricated from such
micropatterned surfaces will be investigated, and the relationship between slip length of the

microchanel and surface wettability will be evaluated.
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Chapter 3 : Analytical Modeling of Slip flow in  Parallel -Plate

. *
Microchannels

3.1 Slip Velocity in Parallel -Plate Microchannels

In previous works, it is always assumed that dominating BCs in liquid flows through
microchannels are either +stip or equal slip conditions. In this section, the general form of
Newtonian liquid flow in two parallgblate microchannel which consists of two different walls
with unequal wettability and surface condition is considered. This situation may occur frequently
in microchannel fabrication, since fabricating microchanndlis asingle material is not always
possible. In this chapter, it is assumed that the width of the channel is much larger than its height
so that effect of side wallsan be neglected. That means, a high aspect ratio microchannel is

investigated. Schematizew of such microchannel is illustratedrigure 3-1.

upper surface b+

YL
2h

Z

lower surface b

Figure3-1: Schematic view of the channeith slip at both walls

*
This chapter was partially publishadthe followingjournal paper and conferenpeceeding

U N. Kashaninejad,W.K. Chan, N. T . Nguyen, AAnal ytical model ing of
mi crochannel s 0, tenMiBenthm Saence Pullshers)sagcepted26/06/2013

U N. Kashaninejad, W. K. Chan, N. T. Nguyen, AFl ui d Mec
Mi crochannel so, ASME Conferen@® Proceedings 2011(44E¢
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As the flow enters the chann¢he velocityalso variesin the streamwise direction, i.e.
"Qaf , until it passeshe entrance lengtll;, and the flonbecomesunidirectional, independent
of the streamwise directioin this state, the velocity profile is known to be fully developed. If
the channel lengthy is much larger than its hydraulic diametér,, the developingregion can

be negligible. It is commonly accepted thatg O 18t @ ® Awhere2 Ais the Reynold
number, the flow can be considered fully developed. Therefore, fully develapdd

unidirectionalflow dominates in longd¥, microchannelsO 3, at low Reynolds numbg2 A& .

Considering fully developed laminar flow for Newtonian liquids with constant properties at low
Reynolds number, th&lavierStokes N-S) equation can be simplified t&tokes equatian
Solving this ordinary differential equation, the velocity distributiontenms of BCs can be

calculated as follows:

Q6 Q0 Q0
— Py = w P —®m 6w 6 31
O t'Qd 0w C[,de ow 0 3.1
Corresponding Navier slip BCs at both walls: are
6o O ~ Q0
|’|p (A) (A) 'Q ’
o & 06 (3.2
- 0w W 00
Imposing these BCs dictates:
QU - Q0
[— Q p P —m1
¢ Qg 0 0 W t Qo 0
QO - QU
p _n v gy [13 3 p - »”, [ 14 33
CI'Q(]Q 60 6 o ['QQQ 6 (33)

Further simplifying the first BCleads to
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pQU, . o P o v
——, QW W Q - w w 0 34
¢ {Qa G (34
Also, the second BC indicates that:
, Q0 ®
5 P:—"0 - : 35
GO t Qa ¢ Qw w (39

Substitutingd into the expression af resultsin:

Q0. 0@ 0@ O 1t d

“s P 22l 3.6
o Pot g ? TR (39
Repladng these constants Eq. (3.1) leads to
D Q, 0 DGD AR
°® Tcfme® logcad @ ©
(3.7)

Q0, 6@ 0@ Q0 0 o
P —. Q — ;
¢l Qo CQw

Upon additional simplificatiomand sibstituting:'O ¢ "‘Qwe can rewrite thebtainedEq. (3.7)

as:

0 Q&O A AIA o
°® "t Q- O O & & ¢O
(3.8
p oy Qb O b ®
Yo O 0w o
3.1.1 Dimensionless Form of Velocity Profile
By denoting:
6" 0
Qu.,
w rZ
o ¥ (3.10)
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— 3.11
o | (311)
Eq. (3.8) can be written in dimensionless foan
o G P f 1 g Pg d g 1 P
G p 1 I P f f p (312

3.1.2 Average Velocity in General Form

In the case of twavall slip, it is also desirable to calculate the average flow velocity. In

particular, the average velocity is measuraeerimetally. The average velocity becomes:

P .
o 0 0 wWwQw
P op g O w0 (3.13)
¢ Q Qa ¢Q CQw w Q
p 0@ o'Q ¢cCQ ™w w
—, — ; Qw
¢ Q CQw w

After some mathematical manipulatiotise average velocity can be expresasd

5 Pop ’QG,,Q TQ Yo Yoo p&H o
caol Qa c'RQ®

(3149
The final form of the average velocity terns of the total channel heighis formulated inEq.

(3.15):

o D Q00 TOw TOW pOd ®
o Tt gy 0C0 & o

(3.15)

For the limited case where the intrinsic slip on the upper wall is negligible, 1 the above
equation simplifies to:

6 Py o2 100 (319
QapcO w
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Denoting @ TQ for the case of existing slip on the bottom wall, slip velocity becomes:

(3.17)

where the first terns the neslip velocity profile traditionally obtained by Hag&wiseuille.

3.1.3 Dimensionless Average Velocity

It is more relevant taormalize the average velocity tﬁ/[ QYQAIO as follows:

p T T Pt f
T (3.18

. 0
(0] —
¢ QU pep |

3.2 Determination of Slip Flow Rate

Similar tothe averageelocity, thevolumetric flow ratecan also be computed as:

.0 Q0, 0O 10w T1TOW OO ©
¢S oo 2o 100 P® (3.19
() Qa PCO w w
Alternatively,thedimensionless flow rate the microchannel can be written as:
5 0 p T Tf pE I
QU4 . pcp T T (320
Pt mgOo

which is the same as nalimensional average velocity.

3.3 Determination of Shear Stressand Friction Factor with Slip at the Wall

Theshear stress can be calculaasfl103 :

RN BT B
t o et T (3.21)

By substituting this velocity distribution, shear stress becomes:
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16 Q0. O p

A iy - : 3.22
¢t T W ’qu O 0 w w ¢O (322
It is common to define an average wall shear stress as follows:
P i~
1l 3 T Qi (3.23)

wheres is the perimeter of the channel afdis the element of the arc length

It is possible to relate the average wall shear stress to the required pressure gradient in the

channel. Force balance indicatkat

Qa T Qi  6Q0 (3.24)

Upon replacingheaveragenall shear stresse. . t Qi [ 3, the above equation simplifies

to:

Q0 0
—, 8 (3.25
Qa 3

T

By comparing the above equation with of a circular cross sectiowith diameterO, i.e.

T QY QAG80j 1, the equivalent diameter for naircular channel could be defined as:
o 2 (326
®

In a parallelplatemicrochannel, it is possible to write the hydraulic diameter in terohafnel

height and aspect rafio w]j O as

o T ' cOw ¢ O (327
CO0 w Op wfO | »p '

In addition,the relationship betwedhewall shear stress and pressure gradient becomes:
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Qv O
— 3.28
T 5ab (328

In the presentanalysis the relationship betweethe pressure gradient Q0§ Q& and the
averagevelocity was obtainedEq. (3.15) Considering Eq. (3.28) anegkplacing the pressure
gradient fromEg. (3.15)and hydraulic diametefrom Eq. (3.27)the relationship betweethe
average walshear stres$ and average velocity becomess follows

P00 ©®
"0 1TO® 1o pOO® | p

1 6 (329)

Dimensionless shear stress is traditionally cathedriction coefficient,6 , in which shear stress

is nonrdimensioned by dynamic pressupgg” 6 , as

T
; 3.30
p7c" 0 (330
Also, it is customary to define another dimenstionless friction factor as:
o YT @

where Qs called Darcy friction factor. It is evident th&ls four times in magnitude larger than

friction factoro .

If we substitute the obtained relatgimp betweenthe averagewall shearstress andhe pressure

gradient

g QIQU0jT

"Q 3 (3.32
which can be written as:
QP Q0
-9 °-¢ (3.33)
pI¢o

Page R9



Chapter3 Analytical Modeling of Slip Flow in Paralld?late Microchannels

In most references, e.[d.04], Darcy friction factor appears once in the following equation:

-~ 070
: " — 3.34
YO o (3.34)

Replacing Q9Qd& ¥Y0j0 in Eq. (3.33), here the aforementioned equatiocan be

thoroughlyproved.

Also, if we define Reynolds number basedtb@hydraulic diameter, i.eY'Q "60 ], Eq.

(3.33) becomes:

= &0
Q4 P
CQ D, v (3.35)
C

Additionally, from Eq. (3.15), the relationship betweethe pressure drop anthe average
velocity in themicrochannetonsists ofdifferent slipconditions at the top and the bottom walls

can be explicitly obtaineds:

20 pS O O (336)
Qa O 10w TOw p Ow w
By substituting this equatianto Eq. (3.22), thefriction coefficient becomes:
CTO ® O 0
¢Q O 10w 10w pHOBw w (337)

YQ
In Eqg. (3.37) by replacing the hydraulic diameter in terms of channel height and aspect ratio, i.e.,

O ¢ ©1 p ,EQq.(3.37) becomes

CTO O O e
D TO0G 100 pohd & o p (3.39)

YQ

0

In term of dimensionless slip, i.e., @FOone can get:
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wo lp T T

— (3.39)
YQp T T pg¢ f P

¢o
Equivalently, we caralso define anothedimensionlessiumber by multiplying Darcy fction

factor to Reynolds number, i.®piseuile number O £

Y p 1T I
e WBYQ we 3.40
ot u pd 1 I »p (549
The width of the channdk muchlarger than its heighthat is:
W
&1 Ot 55l pol L p (3.41)

The friction factorcalculated from Eq. (3.39) can only be usdaen the aspectratio is much
larger than unitySometimes it is completely omitted from the fricti@ctor relatiom in the case
of parallelplatechannelsHowever, it is retained hefer completeness sake. In other words, the
obtained formulae are valid for liquid flow through parapte microchannelboth forlarge

and relatively moderataspect atios.

So far, the general expressions describing the velocity, flow rate as well as friction factor in
paralletplate microchannels were derived in terms of theupdginowngeneral slip lengths at
both top and bottonshannelwalls. In the folbowing part,we try to relate thisinknown Navier

slip length to the known geommeal parameters of the channel by considering the realistic

models causing the slip velocity at the micron scale.

3.4 Apparent Slip in Hydrophobic Microchannel
As it was explainedbefore onepossible reasofor the violation of neslip BC could be the

existence of a lowiscosity region very close to the wall that fluid slip on it, as it is called the
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apparent slip. Fundamental difference between apparent and true slip, usually explained by

Navier slip length, ishown inFigure3-2.

True slip Apparent slip

[

-

Low-viscosity zone

Figure3-2: Two possible mechanism of slip over l@nergy surfaceld 05.

In this section, the apparent slip can be justified due to the existence of a uniform layer of air
gap and/or lowviscosity region between bauliquid flow and solid (norpermeable) surfaces of
microchannels whose widths and lengths are much larger than their height (depth). This model is

schematically shown iRigure3-3.

AfrTow-viscosify region

Afrlow-viscosily region .
—§* >

Figure3-3: two-phase flow in parallgblate hydrophobic microchannel. Air gap or low viscosity
region can explain possible nsticky behaior of the fluid near the wall
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3.4.1 Trapped air model

In this case it is assumedhat air recirculates in the vicinity of the wall and the relationship
between air region pressure drop and liquid flow can be found from the fact that net flow rate of
air flow is zero.The problem is further simplified by assuming: M9 gravity and o mixing;
(2) Air-liquid interface is a straight linén this case, the BC between gas and wall is assumed to
be naslip. Additionally since both liquid and gas are assumed to be contirtogu(B.1) can be

appliedseparately for each phase subject to following BCs:

i (0] (0]
1P
fe T + + 10 10
68 id, | t o U T o (3.42)
F ® 1D 6 m
g _ D
r w QD o} T

At the interface w Tt , the velocity and shear stress are assumed to be continuous.

The liquid velocity profile can be calculated as:

’ P 29 > 20 3.43
° t o cn @ o th (349
wheret t It and, 1]7Q

Following Navier hypothesis, the effective slip length was calculated as follows:

&) p ae (3.44)

This equation indicates th#éihe effective slip length is related to the viscosity ratio between the

liquid and the gas, and the height ratio of the air gap and the liquid flow.
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3.4.2 Near Wall Reduced-Viscosity Model

This approach was first adopted Byetheway and Meinharfl0§ who considered the
existenceof a uniform gas layer near hydrophobic surfaces at both continuum and rarefied gas
flow conditions. The main difference between this model atite previous onelies in the
pressure dropondition In this model, known asedu@d viscosity model, it is assum#tht near
wall flows with the same pressure drop as thahefliquid flow. Similar tothe velocity profile

of the previous case of liquidthe effective slip length can be calctéd by the following

eqguations:
, Q Q0 ®w W
0 - oY 9 o ¢ U, (349
5t (349
¢ Q '

Both Eq. (3.44) and Eq.(3.46) dependdirectly on the thickness of air/lowiscosity] . Previous
resuts have established the slip lengthghout any estimatiorof the air gap thickness. Eh

limitation will be addressed beloly providing someexpressions fathe airgap thickness.
3.4.3 Calculation of Air-gap Thickness for Flow at Continuum Region
L.

Under the same assumptions of the previous section, due to the small air viscosity, we can

assume that at the interface, the shear stress is zero, hence the BCs become

w 71 D 0 T
1P r ,
oy . D ro 1o (3.47)
66id w m - - T .
%y _ To 1o
rw ¢ QD 0 1
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By imposing these 4 boundary conditions, the 4 unknavirasr andfluid velocity profilescan

be calculated. & velocity profile becomes:

Q @
. o P — — 4
0 ct Q4 T P 1 (3.48)
For the liquid section, similarly we can find:
,Q 5 (b
. o G —, Q — 3.49
0 W [ 'Qq p T ’Q ( )
Now, if we assume no velocity jump at the interface, it requires that:
0 W T 6 W T (3.50
Substituting Eq(3.49) and Eq.(3.48) into Eq.(3.50) results:
L yQ T yQ T
C¢ — " P i
t a4 Q ct 1 Q4 (351

For equal pressure gradient at both phases (reduvisedsity approach)the above equation

simplifiesto:

Ut Q (352
Hence, the thickness of the reduced viscosity zone must be:
1Q

= 3.53
| : (353

It is notedthat the above equatiosivalid for the Knudsen number less than 0.001.

®
1

iE

0 ¢ ) (3.59)

cC-
o™

At sea levelthemean free patbf air, /his in the order ofi®' &
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™ A ,
‘ 35
] nppnna (3.59

Hence the minimum allowable height of microchannel in thiscd&eis O ¢ Q

tt 1 e x 'TA (3.56)

3.4.4 Calculation of Air-gap Thickness for Flow at Slip Region

L .

In this caseslip existsbetween air molecules and the solid surface. To quantify the amount of
slip of gases, Maxweliirst usel the general Navier slip model as follows:

1o , 16
T ® ° T35

(3.57)

2 U W4a 0 T
We will discuss the amount of slip length for air and solid surfacéut it ispresentlyassumd

to bea known parameter. Thehe BCs become:

y : . 1o
w10 R
o id . o} o} 3.58
OOldTlm m D T ; T L ( )
'y . T w T w
rvw ¢ QD o} ]!

By imposing these 4 BCs, the corresponding velocity profile for air and liquid can be found:

) ) Q0

6 o Py gy (359)
S8 p QU ! 3.60
Go Ct 50( 1 p Cj— (3.60)

Finally, air velocity profile is obtained:
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QU i W
: A p —, - — 3.61
6 ¢t Ou 1P S (361
Fortheliquid velocity, the equation remains the same as before:
Q0 ®
0 A C —, K — 3.62
0 w t Q4 Qp — (3.62

Again, if we assume neelocity jump between air and liquid at the interface, it requires that:

QU T QU

<t T T © (3.63)

For equal pressure gradient at both phases (reduseasity approach}he two pressure drops

should behe same, s&q. (3.63) simplifies ta

T
1 G I_Q T (3.64)
Eq.(3.64) is a quadratiequation for , therefore, the aigap height can be computad

5T [l"cz (3.65)

Becausethe airgap cannot benegative the negative sign beforghe square root is not

acceptable:

1 fF 1 =0 (3.66)

If we assume nalip at the wall, as in therevious casghe samdormuladescribing the aigap

heightcan be obtained.e Eq. (3.53):

1o m m —0 == (3.67)

The maximum allowable Knudsen numbertims case should not exceed,Gtkequires that:
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b ™ a
VS L)
FromEg. (3.66), the height of the channed (Xxan be found in teraof gapheight:

P a (3.69)

¢cQ t p c1—1 (3.69)

To find the minimum heightf the channelwe need to find the typical value bf Accordingly,

the Maxwell equatiocan be used

/b (3.70)

where,, is the tangential moentum accommodation coefficiefthis parameter is a function of
the solid material, gas type and surface roughidss experiments suggest thashouldrange
from 05 tol. Themaximumvalue, p is typicalfor most surfacesyhile the minimum is for
very smooth surfaceith roughness height in the order of nanometers.

Therefore, can be approximated as unisgtheslip lengthof air and solid surfackecomes:

; %n:fb "5 mieox 3.71)

Finally, theminimum height of the channels becomes:

. T ¢ T8I )
¢ Q it P G- Tex p p‘(g((pxj

; pta X® c'od (372

Therefore, the range of the channel hefighthe modeto be validis:

X&' a 'O x mnda (3.73)

which corresponds tanair-gap in the range of:

pPa ] prnd (3.74)
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According to the obtained results, not only the estimated values of tgapathickness were
determined, but theelatedrange of the channel height wako estimated. It was found that
when the channel height is larger thamt' 1t¢, air flow is in coninuum regime and nslip BC

can be used. For the case where the channels height is smalleg thiawd and larger than

Xx®" @ slip BC should be used to model the air flow in the channel. Finally, for the channel with
the height smaller thag®‘ ¢ the N-S equation cannot be used to model the air flow and
molecularbased approaches should be used. Hyefikdings of this section can be summarized

in theTable3-1.

Table3-1: summary of obtained analytical results of hydrophobic microchannels with reduced
viscosity gas region assumption

Continuum Region Slip Region
. : ” | 5 1
Effective slip length - C_Q 1 w - C_Q 1
Air gap thickness 1 Tt_Q 1 i TI_Q
Range of air gap 1 p TTa pra ] p mma
Channel size ‘O x mna X®' a 'O x m'na

3.5 Summary

This chapter presented analytical modeling of liquid flow in pargplele microchannels, and
can be divided in two parts. In the first part, classical relationships describing velocity, flow rate,
pressure gradient, and shear stress were extendednmtbaeneral cases where there exist two
different values ofyet-unknownslip length at the top and bottom walls of the channel. In the
second part, the emphasis was on the quantification of the slip length. Generating mechanism of
slip was attributed tohe existence of a lowiscosity region between the liquid and the solid

surface. Two different cases were considered based on the pressure gradie@mcaptiag air
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region, where the net flow rate of gas phase was zero; b) reduced viscosity gasineghich
pressure gradient was assumed to be the same at both phases. It was found that the slip length in
both cases is directly proportional to the ratio of ligiagyas viscosity as well as the air gap
thickness. Therefore, it is necessary toneste the air gap thickness to quantify the value of slip
length. Unlike other studies which used empirical values of air gap, here, equations describing
this parameter were derived based on the range of Knudsen number for the case of reduced
viscosity regon.

In this chapter, the width of the channel was assumed to be much larger than its height so that
the effect of side walls on velocity profile was negligible. In the ckapter, liquid flow will be
evaluated in a rectangular microchanbgltakinginto account the effect of aspect ratio of the

channel.
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Chapter 4 - Analytical and Numerical Investigation of Flow in

. *
Rectangular Microchannels

4.1 Introduction

For fully developed incompressible flow in microchannels at low Reynolds number, partial
differential equation (PDE) of the momentum equation simplifies to the classic Poisson equation
[103. Although classicallD analysisof HagenPoiseuille for cylindrical pipés usuallyadapted

to solve norcircular crosssection microchanneldy considering the equivalent hydraulic
diameter[107], analytical modeling for rectangular cressction microchannels nee@®D
analysis[103 108 109. Because othe complexity of thisapproach most previous research
works merely focused on high aspect ratio microchanmblich is in fact the flowbetween
parallel plates. One of the drawbacks of such analysis is that the effect of the side walls is
ignored. From an experimental point of view, differenta&y occur due to thmaterials used as

the side walls whiclaffectthe wettability conditions andonsequentlhaffect the accuracy of the

measuredelocity and friction factar

Two dimensional solution of Poisson equation is similar to the theory of elasticity. Therefore,

the 2D velocity profile was obtained by an analogy with the torsion problestagticity using

*
This chapter was partiallyyblishedin the followingconferenceroceedings

U N. Kashaninejad, W.K. Chan, NTNguyen, AAnal ytical and Numerical I
Mi crochannel Aspect Ratio on Velocity Profile and
Computational Methods, ICCM2012, 228 November 2012 Crowne Plaza, Gold Coast, Auatrali

U N. Kashaninejad, W. K. Chan, N. T. Nguyen, AFl ui d Mec
Mi crochannel so, ASME Conferen@G® Proceedings 2011(44E¢
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Lagrange stress functigd1( and presented binudsen and Katgl111], Berker[11Z. These

models werewell summarized byWang [113 for different channel cross sections. In the
obtained series solutions for the rectangular channels, the variables of the lateral coordinates
were expressed by two different functions, i.e., one variable withrbgle function and the

other one with trigonometric functio®piga and Moring109 used finite Fourier transform to

find the velody profile of the finite aspect ratio channels and verified their results by comparing
the obtained friction factors with those presented in the literature. Additionally, approximate
solutions for the channels with side walls effect also exist. Knowingnidwamum velocity,
Purday[114] proposed an approximate expression to calculate the average velocity of the
channels with the aspect ratio greater than 2. Using finite difference method for channels with
the aspect ratio greater thanNgtarajan and Lakshman§hl5 presented another approximate
solution for the velocity fieldSavino and Sieg€ll1q also suggested an approximateieser
solution for the channels with the aspect rat
Poisson equation were also propo§e&tl7, 118. Even thoughhe experimetal results verified

the accuracy of these models, the convergences of these series solutions were slow and had many
computational complexities. Moreover, the lateral coordinates in all, except the solution
presented bySpiga and Moring109, of these classical solutions of the Poisson equation
describing the velocity profile of the finite aspect ratio channels were in the asymmetric form
with different numerical exponents. Furthermore, to relate the frictional losses to the average
velocity in the channels, classical DaMjeisbach equation is used. Subsequently, in the
literature (see for example a recent reviewlsy et al.[119) friction factor and Poiselle

number are multiplied bifartnett Kostic correction factoto take into account the effect of the

microchannels aspect ratio.

Page 42



Chapter4 Analytical and Numerical Investigation of Flow in Rectangular Microchannels

In the presenthaptey new analytical forms of velocity distribution, Darcy friction factor and
Poiseuille number in lamanr liquid flow in rectangular microchannelgere derivedusing the
eigenfunction expansion technig[&20. The effectsofc hangi ng t he aspect
are discussed. Using finite element method (FEM), the obtained andlgtitia¢ case of nslip
BCs are further compared with the numerical simulations of COMSOL Multiphysics for

microchannels with different values of aspect ratio and pressure gradient.

4.2 Rectangular Microchannel with No-Slip Boundary Conditions

Velocity distributiors of acreeping flowin arectangular microchannake derived. This type of
flow is dominantat small length scale, lowelocity or for very viscous fluid. By considering a
hydrophilic channel walls, thboundary conditios are the homogeneous ichlet boundary
conditiors. Yet, the governingequationis still non homogeneouandthe classical method of

separation of variabdecannot be used.

In order to solve tis type of problemthe method ofeigenfunction expansion can be used
corresponding téhe homogeneous boundary conditions and non homogeneous linear governing
PDE equatiorj120. The schematic of the problem is depictedrigure4-1. It is common that

the origin of coordinates describing the velocity distribution is chosen at the center of the
channel Figure 4-1(a)) but it is more convenient to traosi it to the bottom corner of the

channel, Figure4-1(c)), the new coordinates X and Y become:

®w o 0 ®w 0 0
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Chapter4
+ u=2~0 2h
‘ [
2h| c > u=0 Viy = VP u=20
o v 2w
) 2w u=20 0
(a) (b) (c)

Figure4-1: Schematic of the model: a) rectanguaosssection of the channel with the flow velocity
at z direction (normal to the page) and original coordinate located at the middle of the.dhaRakdted
boundary conditions (nslip) at the walls and Stokes governing equati ransformation ofhe
coordinate tet and-L.

The momentum equation in the streamse direction becomes:

’ 4.1
@ T T a @D

—a —a

where6 and! {7 dis the velocity andressure gradient in the streaise direction (i.e., z)

respectively. Since §T ¢and fluid viscosity: , are constant across the chartrelss section

we denote therwith a single variablsay,F ,that is,

10 16 16
" — _ 4.2
o pr T T 0] 4.2)
Subjectto the following boundary conditions:
6 TN o6cohd 1
(4.3

00 i 3 3
owm mN o0t m
If we canfind the function (say;, ) by whichthe Laplacian operator can be simplified to the

operation, i.e., T _8 , then we can find the solution to the problem. In mathematical

terminology, such function is callergerfunction withthe corresponding asthe agenvalue. In
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suchproblem sucheigenfunction should also satisfy the boundary conditi@is.form of the

solution can be written as follows:

P ¢ S -
0 W 0 OE+-®» OE—I—,,& (4.9)
gV C

where0 is aconstant needed to be determined.sBistitutingthis form of the solution into

the governind=q. (4.2), it results

a0 ot o 0ERg O
, 5 @ (4.5)

Consideringthe above equation as the double Fousiausoidalseries expansion &%, we can

find the asyet unknown o

. ; ’du . . ’él" , n .
@]6) EE'D_w OE—CI—,,&) QW (4.6)
Since F is not function of neither X nor Y, it comes out of the integration and due to

independency of each integthnhey can be treated separatelyaagle integration:

4 1]

L oLat cL o
OE+H-w Qw — p AldO
qL a

4.7
OEFH Qb S ¥y AlO 4.8)
C
Therefore, th&® becomes:
o 10 p P I, i 120y
o d 7 E‘ d “ é @ p p € (49)
V) ¢ Q
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By introducing the aspect ratio as:

cL

> 4.10
T (4.10)
Thehalf width of the channel can be expressed as:
0 |1'Q (4.12)
Hence,
p Q . .2
0 ,EHPQ i ﬂ p ATdO p AlgO (4.12
a | € a
By replacingEqg. (4.12) into Eq. (4.4) we obtain:
. p Q AT ATed . _a-
6 ary P99 p ATO p 7 8005?,,&053—,,8

By replacing th€X, Y) with the original(x, y) the final form of the velocity profile becomes:

p 0 Al AT . .a“ -
_p¥a 0 aLL pH 06 o o 0L e T (4.14)

¢ Q ¢Q

By introducing thedimensionlesselocity 6° [103 :

~

. é \IVI Cr) ‘I ’

0" ahw ; n
LVq X (4.15
_la=™
Eq. (4.15) will have the final form as follows:
. AT oO AileO | .a* L £
o o 29 P AR P 2 6Ed o 0 OBEL G O (4.16)
11 1l ¢ Q ¢ Q
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Figure 4-2 illustrates the variations of the normalized velocity distribution with respect to the
aspect ratio, i.e. Eq4.16). The resultshow that by increasing the aspect ratio, velocity profile
becomes more parabolic and the effects of side walls on velocity distributions become negligible.
That means, the clsisal HagerPoiseuille equation is the limiting case of the obtained 2D

analytical formula when aspect ratio approaches infinity.

(a) (b) (c)

Figure4-2: Variations of the normalized velocity (E@.16)) at different values of aspect ratio: (a)

) . (b)) .(c) ) L(d) s .(e)) (0

Also theflow rate can be calculated as:

0 A AROXATA (4.17)

By substitutingeq. (4.13) into Eq. (4.17), we will have:

pga_ 0 N SR
: OEl—0 OEFpQME (4.19)

C
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By consideringegs. (4.7) and(4.8), thenEq. (4.18) becomes:

. pPa Q p ATed p ATEO co
U “7 7

Q o .
T o Z_ p ATt p Al (4.19)
Finally, by further simplifyingthe flow rate can be expresseg Eqg. (4.20):
et 1w
0 ] &

p ATdC p ATeO
‘ T

- (4.20)
11

The solution for the two infinitely large paraHplate channelsseparated at a small distance

should be similar to a rectangular channel when its width is much larger than its height. The flow

rate for one dimensional channel with hydrophilic vealh be obtained as:

(4.22)
By normalizingEqg. (4.20) with Eq. (4.21), we obtain:

p ATaC p ATe0
0 T

] (4.22
It can be shown thd&q. (4.31) approaches unity as the value of aspect ratio increasdisming

the accuracy of the obtained 2D flow rate for rectangular microchannel.

Furthermore, the average velocity can be calculased

. 0
' 5 Ot € 4.23
0O 6 0t 0 o) (4.23)
Substituting Eq. (4.20) i&q. (4.23) results:
po Fo1 0 Ao p AT
6 L g p 2% P AF (4.24)
Co [ 1
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Moreover, HagetPoiseuille average velocity was formulated as:

Q 10
: - 4.2
° o T a 429
Hence, average velocity can be expressed as:
o Y AToC ATt
5 T Q T W P - P M (426)
(o3 “ L1 ]|
which results in théollowing final form:
0 O %0 (4.27)
where:
T AT p ATiO
ol W P A% P A (4.29)
1 1|
Furthermorethe Darcy friction factor'Qcan be written as:
T O
o & Ta® (4.29)
"0
Multiplying both sides by Reynolds numbef,Q 6O ¥ | results:
T O
—: 80
. 1 Ly 4.30
Q P. 6 YQ (430
C
where hydraulic diametéD is:
T ¢ &0 T D 1 Q
C"Q ; o — | (4.31)
C¢cQc0 Qp ofQ | »p

Substitutingeq. Error! Reference source not found. andEqg. (4.31) into Eq. (4.30) results:
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T 0,170
0 , Ta®C o P
0. PO TT—L(; | Q o AicO p Ajzo 19 (439
c T B B 1 1 |
C 1
Further simplifying theabove equation results:
Q S _ L
5 B p Al p AleO YQ (4.33
T L] P

Equivalently, we caralso define anothedimensionlessiumber by multiplying Darcy friction
factor to Reynolds number which is usually calleePoiseuile number 0 £
- , c 13

p ATO p AT:O (4.34)
B B 1 1 g1 P

Similarly, Poiseuille number can be written as:

0¢é W6 | (4.35)

where:

(4.36)

p AT p AT&O
Ty p B B T 1]

To further illustrate the effect of aspect ratio on frictional losses, Poiseuille number is plotted as
a function of aspect ratio iRigure4-3. Generally Poiseuille number increasesth increasing
theaspect ratiofFor very large aspect ratithe \alue of Poiseuille numbepproaches value of

96 which correspondto thevalue Dr parallelplate channels. Generally, it can be concluded for

the laminar flow at the same Reynolds number, square-seasi®n channels ( p) generates
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the lowest frictional losses and as the channel e&esBon deviates from being square shape,

frictional losses increases (up to 74%).

95

90

85

80

75

70

Poiseuille Number

65

60

IIIIIIIIIIIIlIIIIIIIIIIIIIIIIIIIIIIIIIIII

e o e
28 B0 99 148 197 246 295
Width-to-Height Aspect Ratio

-

Figure4-3: Poiseuille numbeH— o VS, aspect ratio .

4.3 Rectangular Microchannel with Constant Slip at the Wall
In this caseslip is assumed to exist only #te bottom plateie. non symmetry casejyhile
the three remaining walls are hydrophilic so thasship BC can be appliedhe domain of this

type of the problem is shown in tRégure4-4.

2h v=0
|
1.-'_1[]. .l-"':‘-’=va'{H '(Z-C} - v=1

Figure4-4: Rectangular microchannel with constant slip velocity at wall

Page pl



Chapter4 Analytical and Numerical Investigation of Flow in Rectangular Microchannels

Since the governing equation is still linear, we can take advaotagygerposition principle and
decompose the domain into two separate ones and solve each domain independently. Then by
summing up each solution, the final solution of the desired domain veugbtaired The

procedure is showm Figure4-5:

v=0 v=0 v=0

v=0 V‘v:vP/# v=0 = wv=0 V‘V—VP/M v=0 4+ v=0 Viv =0 v=0
V=V, v=0 v=V,
(@) ) (o)

Figure4-5: Required procedure for obtaining velocity distribution in a microchanitelconstant
velocity at bottom wall

The first part (Figure 4-5(b)) has already been solved in the previous section by toallsol
eigenfunction expansion methodhd secondoart is Laplace equation in rectangular domain
with non homogeneouBirichlet BCs Therefore, for this type of the problem, the solution has

oneadditional termas a result of thexistence of slip at the wall.

To solve the Laplace equation, we can use the separation of variables because it is a linear
homogeneous partial differeatiequation.
LS ¢ A
6 O QM 8QL @0 QM o g 8EEiOMED (4.37)
To avoid trivial solution according tthe boundary conditions, the constant must be negative

(say, _ ) and thewo obtained ordinary differential equations become:

M _Qmn QO OAT_GH G OEI® (4.38)

Imposing’Qm 1+ & mandQcv T+ OKL 0 OEQ* _ —.
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The othernordinary differential equatio(ODE) becomes:

W _O0nm Qo OAT QEQOH WOELEQ® (4.39)

Imposing’ Qg "Q 1t @ T

Finally the velocity profile can be written as:

0 Wh 0 OEc—Il,)—wOElC—OEc Q ® (4.40)

To find the only unknow® , we impose the last remaining slip boundary condition at the

bottom wall:

~ ~ sz ~ z ~
¥

ool 6 OEEEC QOELG 7 (4.41)

Therefore, the coefficiend O E F—Ec "Qcan be the Fourier sine coefficient df on the

intervalm @ QU :

A P P S
0 —mr . N RFelw (4.42

OE tGE ¢ Q
Since’l is constant, the above equation becomes:

~

5 I qi) o Her 1 p wEW
—— g5 — = 4.43
0 i QIQ-OQ 0 Qi mQBQ (443

The final form ofthevelocity distribution becomes:

e g G p Al Q¢ _ .70

0w — ok Qe-wOEH+HEC QW (4.44)
TerA I TR cL qL
QEDEIQ‘:"?)—

By replacingd @ U and® « "Qthe velocity distribution (x,y) coordinatedrecomes
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~ ~

e G p Al o 0O

o0 hw — ,.QOE—I,— w LU OELEQ w (4.45)
A I TR qL cL
QEDEI(E‘D—

The fow rate in this case can be expressed as:

~

. ¢l p AT®» ..o« .. %Q« . . .

U —_ ,.QOE—I,—ooOEl—,Ec Qw QW w (4.46)
A [ TT cL cL
QEDEI(E‘D—

After integration and further simplification, flow rate becomes:

. e R ARQ
. Tl p AlT@m Al P
v 6 TQ T n'Q (447)
OEI

The \elocity profile for the entire domain can be found by sumniigg4.14) and Eq(4.45):

Qv . o [ ,
e, POZgyl Q p AldO p ATtd . a“ |
0 ohw — - OE+—= w
aea | € q Q
0 0L & 0 (4.48)
| = :
<l p AT . .0« _..Q“ .
AR ar OEl & 12 OEIE.Q
COET; d <
Also, total flow rate0 0 0 ,becomes:
. ® TQU Q0 p AT p AT:0O
v T Qa r1 1 11
" iy Al OEQD 4.49
10 p Al'@m Al p (4.49)

" © OE I5ED

Rearranging, it yields the relatisimipfor slip velocity at the wall:
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® TQU 'QTB g P AT p Al
; I o T a & a | &
T 450
p Al Al P (450
Q OE 13E2

(o]

Orin terms ofaspect ratio, it is:

. P17 Q QU p AT p AlO
v = Thqg° B & & a | ¢
l -
71°Q . 5 2Q (4.51)
B p e Al O% p
2 OE ik
4.4  General Navier Slip Boundary Conditions
In this sectionthegeneral Navieslip BCs are assumed at the sdiglid interfaces:
XL 6oy & —
1’ T ('1‘) r] c T (:)
00 i (452
X I P R
i o 4 o
The domain of this type of the problem is shown inRigeire4-6.
t u=_b$aj
Y ly—2;
2i:[
ou . du
—p | X =VP; m —_pt
u= h; 3%l ¢—s Vv Ju & = u b; .
>
- 2w
0 \. . ou
U= wﬁ veo

Figure4-6: Rectangular microchannel wigeneral Navier slitengthBCs at the walls
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The slip lengthd can be obtained from different analytical models as discussed in Chapter 2.

Tabe 4-1 summarized the most commoragcepted models of slip length.

Table 4-1: Analytical formulas of effective slip length of different superhydrophobic surfaces

Slip Length Formula Applicable Geometry Reference
. | Z Periodic 1D strips of nglip andno-shear
1 Z' ' H - BCs parallel to the flow direction [85, 86]
T N Z Periodic 1D strips of nglip and neshear
1 2! H - BCs perpendicular tthe flow direction [87]
_H_ ; _ 44 Square arrays of 2D circular migitlars [99]
Z 1 (% © p
iTonm

Here, both PDE and BCs are Aboamogeneous. Specifically, BCs are thecadled Robin BC
which is the combination of the function and its derivatives. Therefore, we try the eigenfunction

as the combination of sine and cosine terthmest is

oy 0O0n #OETd #AT'Gh #O0FE1Od #A1T 'y (4.53)

Hence the velocity profile in this general case can be written as:

CRATN 6 #OET® #AT 00 #OET® #A1'00 (454
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First derivative of this velocity distribution with respectitvecomes:

0 . A A o
'IT_(I) 0 “#Al'0O0 ' #OEl® #OFEIl® #Al Ok (4.55)

Similarly, the derivative with respect foreads as:

o] o R PR o
,l::—(.b 0 ' #AI'0Od " #OFEl® #OEIT® #AIl Ob (4.56)
By imposing the first BCO ity & —  , we have:

O m # #OET® #AI OO

(4.57)
@ 6 ‘# m #OET® #Al 0k
Simplifying Eq.(4.57), results:
C#t o' # (4.58)
By imposing thesecond BG 6 ¢0 hid ! ¢ & , We can get:
O #OEq 0 #AT ©O© 0 #OET® #Al 0w
(4.59

@ 6 * #AT © 0

‘#OEJ 0 #OFET&H #AT O0Od
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Chapter4
Further simplifying results:
A # Q" #
) 4.60
OAd o# # (4.60
Replacingeq. (4.58) into the above equatiaesults:
AdL’ — 461
COAQD A 5 (4.61)
Similarly, by imposing the other two BCs one @dotain the following expressions:
C#H o # (4.62)
(4.63

And:
: )

A s A
COALQ  ——
W w p

Egs. (4.61) and (4.63) shouldbe solved numerically to obtain the values' ofand’ . For a

obtained. For instance, let us assume @ @ T then Eq(4.61) becomes
T+ QU QY ¢ —
o

special case where the slip lengths are zero, similar results as described in Section 4.1 can be

(4.64)

OAdu’
Also, if the bottom wall of the microchannel is fabricated from Periodic 1D strips-siimand

no-shear BCs parallel to tH®w direction from Tale 4-1, the effectiveslip at the bottom wall

(4.65)

reads as:
- fl. .. .

—1 TOA %, —

C

In thatcase, Eq(4.63) becomes
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~

A
O 0’ p

@

OA¢ Q

En €

(4.66)

To guess the approximate solutiotise graph of théunctionson the both sides of E¢4.66)

should beplotted,Figure4-7:

f(v;) 4 I
S
3t !
|
2 ; y1
|
/
14t /
o [/ 0:01 0.02/0.03 0.04 0,65 0.06 0.07/0.08 0.09 0,/0 0.11 0.12/0.13 014 0A50.16 |
1 /)/ V2 V3 V4— !f VS ‘v6
Al [
li"
2l f : y2— - b’Uj
f
| |
3} | \;
.\' ‘;
4 [ J
T

Figure4-7: Finding theroots of Eq(4.66) graphically(

Using the numerical methddr the channel witlp ¢‘x &height the first six solutions can be

approximatedas: Tm8t¢ hp 718t g T8IX QO

tw@L

™ G M

T® T T It)can be seen that unlike Fourier series in thsliposolutions, the arguments of sine

and cosine in the genelution with Navier slip boundary conditions are not periodic.

ReplacingEq. (4.58) and Eq.(4.62) into Eq.(3.56) and denoting

0 00 ,then:
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ATA 6 OET® &' ATO0 OFETd & Al 0o (4.67)

After differentiating twice from the above equation with respeci, tib reads:

—
(@}

Y 6 * OET®d &' ATOd OFEIT®
(4.68)
&' AT O
And differentiating Eq(4.67) twice with respect taresults:
o - ¥ Rt oame A e
— 0 ' OFEI®w w’' Al'Od OE1l®
T
o (4.69)
w' Al 'O®
Substitutingeq. (4.68) and Eq.(4.69) into Eq. (4.2) reads as:
‘ 6 OETd o' AT'0d OFIT®
(4.70)

Multiplying both sidesof the above equatioto OET & @®*‘ AT ‘O®d OET &

@’ AT’0® andintegrating results:

o 0 00 4.71)

where
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‘0 OET®d o*AT'0d OFET®
O A0 0BT @ &' AT0e OB & (4.72)
o ATO® QM
And:
0 OET & @' AT'0O® OFET &
4.73)
o' AT'OO Qb
Using the orthogonal property:
OET®d ' AlT'O® OFETd &’ Al'0d OET &
e e (4.74)
w'" Al'Ow OFl w w’' Al'Ow Qi w
MEAR 0010 0
‘O can be calculated as
OET®d o' ATO0d OFETd o AT'0d Qb
(4.75)
w O
wherew and’O can be found from Eq3.73) and Eq.(3.74), respectively:
. ‘ ol TOAE T p L= N ‘ 5
w v p W w OEK' v T‘—OE 0 w p (4.76)
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A p

0 Qp ' ® o OEkk’ Q TTc’>Eﬁ’ N O p (4.77)
Also,© becomes:
‘0 OET® &' AT00 OFETd @ AT'0d QaQ®
(4.78
[
where:
p % . ” ‘
f —p Al© VU w OEqQ 0¥
(4.79
And:
P Xov A oA
I —p AlO©Q wOEJ Q (4.80)
Finally Eq. (4.71) can be simplified to:
¢o A
wo-* (4.81)

Eventuallyby replacing Eq(4.81) into Eq.(4.67), velocity profile carbeobtained

O O OET®d o' ATO0Od OFEIT®
(4.82)
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4.4.1 General Velocity Profile

By replacing th€X, Y) with the original(x, y) the final form of the velocity profile becomes:

¥y b Hb iy UL
1 T % e e i
o ahw pr T—%pbp EaRe OE'l,®» 0 W' Al Qo 483

6 OFked © & Al 'Qd 0

4.4.2 General Flow Rate

By substituting(4.82) into Eq.(4.17), we will have:

(4.84)
0 ATO0 OFETd &’ AT'00 Qi
After replacing Eq(4.78) and some mathematicsimplifications, the final form of the flow rate

assuming general Navier BCs becomes:

1
—a

Ca
—x
—x

0 — - (4.85)

Q
c-
®)

4.4.3 General Average Velocity Distribution

The average velocity can belculatedrom the flow rate, Eq(4.85):
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A 4.86
° Toa : " w0 (489
4.4.4 General Friction Factor
Substituting Eq(4.86) into Eq. (4.30) results:
10 g L@
"0 FaQ 0 b
T o YQ (4.87)
P 4g g (]
¢ TLQ S

Upon further simplifications, general form of Darcy friction factor can be obtained from Eq.

(4.88):
- PG Qo P
T YQ (4.89)
Q VU B B —
‘ w0
4.45 General Poiseuille number
General form oPoiseuile numberd ébecomes:
. pCiWQ
ve f (4.89)
p | B B ‘T , - '
w O

4.5 Numerical Modeling of Rectangular Microchannel s with No-Slip BCs

To numerically simulate the flow in the rectangular microchannel and validate the results of the
theoretical modeling with neslip BCs COMSOL Multiphysics 3.5a was used which

implements thdinite element method (FEMapproach to discretize and solve tp@verning
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equations. To this aim, first 3D models of the microchannels with the geometrical sizes shown

in Table4-2 were sketched:

Table4-2: Geometrical sizes of the microchannels used for numerical simulation

lH O o HO 4 00O by 7' rg HO
20,10 60, 20 1 3,2 30, 13

Subsequently, DI water with density 6f p 1 1T, dynamic viscosity of e &

and zero body forces were defined.einpressure was varied from 300to 4000Pa while
atmospheric pressure was defined as the outlet BC. Other domains of the microchannel were
considered as the solid walls with -d@ BCs. Three dimensionaform of NavierStokes

equation wasised to simulate the results.
To mesh the model, tetrahedrakshes with six edge lengths,, were used. Firstly, the mesh

quality, X i ¥ B = , where! is the element volume, should be larger than 0.1 to

not affect the solution quality. Secondly, themerical results should be both grid independent
and close to the theoretical valu€&mally, due to the nonlinearity of the governing equations,
iterations are needed for the convergence of the solutions. To this aim, the relative error and the
prefactor should be properly defined so that the product of relative residual atfidctae
becomes less thahe desired tolerance, convergence critehecordingly, the mesh size was
refined to extra fine meshes with the minimum mesh quafi®.1985.Total element numbers

of 17191 tetrahedral grids were generated after testing théengegendencyUsing BiCGStab

as a linear system solver and appropriatefgceor of v Ttit was foundthat all the numerical

results converged with the relative erropoft  after 2 number of iterations
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The grid shapes as well as velocity distributions-@tane are shown iRigure4-8.

MAX: 0.0492 m/s
0.045
0.040

F 10.035

F 40.030

r 10.025

- 40.020

0.015

0.010

0.005

Min: 0

Figure4-8: Numerical modeling of the microchannels: (a) Extra fine tetrahedral meshes structures. (b)
Numerical velocity distributioiim/s) on zplane for pressure gradient of 58@

Comparison between the derived analytical velocity distributions, i.e.(4Eq), and the
obtained numerical results across the channel height and width (along the vertical and horizontal
directions of the microchannel, respectively) are illustratdeélgnre4-9 for two different values

of channel aspect ratio at the same pressure gradienP€00
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Figure4-9: Velocity distributions at different channel positions and aspect 1@is00Pg as
compared with the obtained analytical formula and numerical redliteefers to Eq. (4.25§a), (b)
Velocity profiles across the channel height. (c), (d) Velocity profiles across the channel width

The analytical results are in excelleagreement with the numerical simulations at different
locations of the channel cresection except on the planes very near to the channel wadls.
expected, maximum velocity occurs at the mid plaries (0 1. Also, it is shown that
classical equationfdHagenPoiseuille, i.e. Eq(4.25), can only predict the maximum velocity
distributions on the mid plane, i.@0 1t Further, this equation overestites the numerical

values of 2D velocity.
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