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Summary

This thesis presents some research results on control and deconvolution estimation
for discrete-time linear systems with delay. The thesis focuses on two facets, the
first is the robust deconvolution estimation of time-delay systems with stochastic

parameter uncertainties and the other is the control of time-delay systems.

We begin with the topic of robust deconvolution for systems with input delay where
we are concerned with the development of a polynomial approach to robust de-
convolution filtering of linear discrete time-delay systems with random parameter
uncertainties. The robust filtering problem is to find an estimator that minimizes the
mean square estimation error with respect to the random parameter uncertainties
and input and measurement noises. We discuss the problem for both the single-
input single-output (SISO) and multi-input multi-output (MIMO) systems. The
key to our solution is to quantify the effect of the random parameter uncertainties
by introducing fictitious noises for which a simple way is given to calculate their
covariances. The polynomial approach provides a lower computation cost than that

of the state space approach.

We then look into control problems for systems with input delays. H; and H.,
control problems for systems with time-varying but bounded delays in the input are
first studied. We apply a state augmentation approach to obtain an H, state feed-
back controller. Sequential linear programming matrix method (SLPMM) is used

to deal with non-convex bilinear matrix inequality (BMI). Although state augmen-
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SUMMARY iii

tation has no computation advantage, it can be used when delay is relatively small.
As for the H,, control problem, we obtain a sufficiency condition for the stability
of the input-delay system by applying a Lyapunov-Krasovskii (L-K) functional. An

H, controller is further designed via a linear matrix inequality (LMI) approach.

More complicated problems such as the LQR, LQG, and H,, control for systems
with known multiple input/ouput delays are studied. The key to our development
of the LQR control is a duality between the LQR problem for systems with mul-
tiple input delays and a smoothing problem for an associated backward stochastic
delay-free system. The duality allows us to obtain a simple solution to the LQR
problem. To address the LQG problem, a separation principle is first established
which converts the LQG problem into an LQR problem plus a Kalman filter for
systems with multiple measurement delays. To address the latter, a reorganized
innovation analysis is applied. We then extend the work to consider the H,, con-
trol problem. Similar to the LQR case, the H,, control problem is converted to a
smoothing problem in Krein space. A sufficient condition is provided to check the
existence of an H,, state feedback controller and a solution to the state feedback

control is given in terms of Riccati difference equations (RDEs).

Finally, we look into the sampled-data LQR control for systems with multiple de-
layed inputs. A sampled state feedback controller with the zero-order hold is used.
To solve the problem, the state is augmented with the zero-order hold inputs. The
sampled-data LQR problem is then converted into a continuous-time LQR prob-
lem with the help of the Dirac delta function. By applying the LQR result for the
continuous-time system and some simplification, we derive the optimal sampled-data

controller.
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Chapter 1

Introduction

1.1 Motivation

Control system design based on H, and H,, performance criteria has attracted a
lot of interests in the past two decades. The Hs concept can be traced back to the
seminal work by Kalman and Bucy in the early 1960s [40] [41] in which state space
was introduced to represent systems. On the other hand, the H,, control problem
was firstly introduced by Zames [96] in 1981, initial developments in H,, control
theory were based on frequency domain and operator theoretic methods. With
the publication of the seminal work of [20], robust and optimal control/estimation

entered a golden era, numerous works have been done in state space framework.

In the early 1990s, robust control/estimation [86,93] emerged to conquer the dif-
ficulty when there is uncertainty in system model. Two kinds of parameter un-
certainties are often discussed in literatures, one is bounded deterministic uncer-
tainty [13,70,93], the other is stochastic (random) parameter uncertainty [89, 105].
The deterministic characterization of uncertainties assumes that the system pa-

rameters are within known lower and upper bounds which may not be realistic in
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applications such as mobile communications. In this situation, it may be more
appropriate to characterize the modelling error in terms of random parameter un-
certainties. Poor and Looze [70] consider robust estimation in state space where the
process noise and measurement noise have uncertain second order statistics, but the

system parameters are known exactly.

Deconvolution is concerned with the estimation of the input signal transmitted
through a system (channel) based on some noise corrupted measurement. This prob-
lem has many applications including signal detection in communications, seismology,
speech processing, equalization and numerical differentiation; see, e.g. [30,54] and
the references therein. Deconvolution problem is discussed in time domain [13] and
frequency domain [15,19,45]. A polynomial approach (frequency domain) uses tech-
niques such as inner-outer factorization and orthogonal principle and is often pre-
ferred in signal processing and communication communities. In the work of Chisci
and Mosca [15], MMSE (minimum mean-square error) deconvolution problem is
solved, Deng et al. [19] provide solution for optimal and self-tuning deconvolution

estimation.

On the other hand, time delay exists in many engineering problems such as com-
munications. Time delay cannot be ignored otherwise the closed loop system per-
formance may not be guaranteed, even worse, stability may be jeopardized. With
the development in engineering including networked control, congestion control in
communication, chemical engineering, aircraft stabilization, time-delay systems have

attracted a lot of interests [3,79,92].

Note that the stability of a linear time-invariant system can be judged by checking
eigenvalue condition. However, checking eigenvalue condition is difficult for delay
systems because there may be infinite number of poles in the system transfer func-
tion. The Lyapunov-Krasovskii (L-K) functional method [34] provides an effective

way for establishing stability and has been extensively studied in the past decade.

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE
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However, the L-K approach generally only leads to a conservative sufficient stability

condition.

Optimal control of time-delay systems has been an active research area since the
late 1960s, first in the Hy (LQG) and then in the H, settings, see e.g. [16,85] for the
discrete-time case and [7,44,60,61,83] for the continuous-time case. Time delay can
appear in state and/or in input/output(I/O) of the system model. Many papers,
see, e.g. [8,12,24] discuss systems with time delay in state. For discrete-time systems
with delays, state augmentation approach can transform the system into delay-free
one by augmenting the system state. However, it is computationally costly when

the delay is large.

System with input/output (I/O) delay was investigated early by Smith [80]. For
systems with input delay, ‘memoryless’ state feedback controller can be solved in
terms of Lyapunov-Krasovskii functional and the result can be delay dependent or
delay independent. However, the L-K approach is generally conservative as only
sufficient conditions are known. There are mainly three approaches for control with
I/O delay in the last two decades [60] and most of the results are for continuous-
time systems. The first is a time-domain method. Operator interpolation and lifting
originally derived for sampled-data control problem was used in control of time-delay
systems [22,28,104]. Kojima and Ishijima [44] solve the generalized H,, preview and
delayed control problem via an operator Riccati equation approach. Preview H.,
control and estimation are studied in [84,85] by Tadmor and Mirkin where game
theoretic approach is used in the proof. In the full-information control, a standard
H, ARE and a nonstandard H-like ARE are used. Mirkin [55,56] studies the Hy,
fixed-lag smoothing and control problems and provides a link between performance
and delay. Meinsma and Mirkin [52] decompose the multiple I/O delays control
problem into a series of nested elementary delay problems. Moelja and Meinsma [61]

provide an interesting solution by converting the Hs control problem to an equivalent

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE
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LQR problem.

The second approach is based on J-spectral factorization. The existence of J-spectral
factor is then shown to be equivalent to the existence of nonnegative definite, sta-
bilizing solutions to two indefinite algebraic Riccati equations, allowing a state-
space formula for a linear fractional representation of all controllers. Meinsma and
Zwart [53] use the J-spectral factorization approach to solve the H, control for time
delay system in frequency domain where Smith predictor is used in order to get a

causal controller.

The last one is the Krein space approach. The key to this approach is the duality
between the LQR problem for systems with multiple input delays and a smoothing
problem for a backward stochastic delay free system, which extends the well known
duality between the LQR of delay free systems and the optimal filtering. Zhang
and his collaborators [97-100, 102] solve the linear quadratic regulation and the

full-information H,, problems for multiple time delay systems using this approach.

In addition to those methods, there are some other methods for time-delay systems,
e.g. Basin et al. [6,7] provided finite time horizon LQR control for systems with
time delay in state and input where Hamilton-Jacobi-Bellman (HJB) equation is

used.

On the other hand, sampled-data (SD) control problems have been extensively dis-
cussed in the past decade [4,9,29,42,51,71,82,88]. The analysis for SD systems is
complicated because the continuous-time behavior is periodically time-varying and
the dynamics are hybrid (continuous/discrete-time). SD systems are mostly consid-
ered as periodic systems and the controller is expressed in terms of periodic Riccati

equations. There are mainly three approaches to the SD problems in recent years.

The first one is a direct method which solves SD problems in finite-dimensional

hybrid state space. Kabamba [39] gave a solution for the H,, control in a finite-

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE
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dimensional hybrid state space. Khargonekar et al. [42] synthesize the Hy optimal
control for SD systems and Yamamoto [95] also gives a solution to the Hy control

problem.

The second one is a frequency domain method based on parametric transfer function.
Rosenwasser et al. [74] provides a solution to the Hs time-delayed SD problem in
frequency-domain, however, spectral factorization is hard to solve especially for

systems with multiple inputs.

The third and commonly used one is the lifting method which relies on the property
that all norms are preserved under lifting and so is the feedback interconnection
structure. This method was first introduced by Yamamoto [95]. Toivonen and
Sagfors [75] study the relationship between the lifting method and the two-Riccati
equation solution in the H, case. Trentelman and Stooroogel [88] deal with the H
problem for SD systems with the lifting method. Bamieh et al. [4] provide solutions
to the H,, and Hs problems where inter-sample behavior is discussed. Chen and
Francis [10] work on the H., SD control and evaluate the SD system according to the
length of the sampling period. Mirkin et al. [58,59] provide a rather comprehensive
and insightful synthesis for the Hy and H,, control of SD systems. For time delay
systems, Chen and Francis [9] discusses their Hy control problem. Park et al. [69]

present a general framework of Hy controllers for SD systems with single input delay.

There are some other results besides those mentioned above. Kabamba [38] inves-
tigate the generalized hold SD control problem. Furthermore, Sun et al. [81] and
Shi [78] obtain necessary and sufficient conditions for the H., control and filtering
problems with generalized hold. Shergei et al. [77] discuss SD nonlinear H, estima-
tion and control where Dirac delta function is brought into discussion to transform

the hybrid (continuous/discrete-time) system into a continuous-time one.

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE
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1.2 Objectives

The objectives of the present research are to develop methods for robust deconvo-
lution estimation of time-delay systems with random parameter uncertainties and
control of systems with time delay. In particular, we shall study the following two
problems: (1) robust deconvolution for SISO/MIMO discrete-time systems with in-
put delay and (2) delay dependent robust and optimal (Hs and H.) control for

systems with single or multiple input delays.

1.3 Major Contributions

The main contributions of the thesis are listed as follows:

(1) We propose a polynomial approach to robust deconvolution for discrete time-
delay systems with random parameter uncertainties. Both the SISO and MIMO

cases are investigated.

(2) Hy and H,, problems for systems with unknown time-variant delay and known

time-invariant delay are discussed and delay-dependent conditions are obtained.

(3) A solution to the LQG control of systems with multiple time-invariant /O delays
is provided based on a separation principle established. We also generalize the
duality between LQR control with multiple delays and a smoothing for a backward

stochastic system obtained in [97,98] to more general case.

(4) LQR control for sampled-data systems with multiple input delays is studied. We
transform the hybrid system into a continuous-time form by introducing Dirac delta
function. This approach allows us to give an explicit solution to the SD problem

using the LQR result for continuous-time systems.

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE
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1.4 Organization of the Thesis

The rest of the thesis is organized into two parts.

Part I includes Chapter 2 and Chapter 3 and it focuses on robust deconvolution
for discrete-time systems with input delay. Chapter 2 and Chapter 3 use polyno-
mial approach to solve robust deconvolution problem in SISO and MOMO systems,

respectively. The details of the two chapters are as follows.

In Chapter 2, we develop a polynomial approach to robust deconvolution filtering of
linear discrete-time systems with random parameter uncertainties and input delay.
The uncertainties exist in both numerator and denominator of the system model.
We aim to minimize the mean square estimation error with respect to the ran-
dom bounded covariance uncertainties of the random parameters as well as input
noises. The key to our solution is to quantify the effect of the random parameter
uncertainties by introducing two fictitious noises for which a simple way is given to
calculate their covariances. Some examples including application in wireless network

are provided.

We extend our study in Chapter 3 to the MIMO case. A polynomial approach is
adopted too. Covariance matrices of fictitious noises are calculated after some basic
algebraic manipulations and they can be simplified in some case. The deconvolution
estimator is expressed in terms of solution of a Diophantine equation and a spectral

factorization. An example is used to show the efficiency of our method.

Part IT includes chapters 4-8 and it focuses on control for systems with 1/0O delays.
First we consider the Hy and H,, control for system with time-variant input delay
in Chapter 4 and Chapter 5. In Chapter 6 and Chapter 7, Hy and H,, control
for systems with multiple time-invariant delays are discussed. Sampled-data LQR
control for systems with multiple input delays is solved in Chapter 8. The details

of each chapter are as follows.

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE
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In Chapter 4, state feedback Hs control for systems with time-variant but bounded
delay in input is discussed. State augmentation is used to transform the system with
input delay into a linear time varying system without delay and the H, controller
is given in terms of BMIs. As an important application, ATM network congestion
control with explicit rate feedback is provided, saturation in source rate and queue

buffer is discussed as well.

In Chapter 5, the H,, state feedback control for systems with time-variant but
bounded delay in input is studied. A sufficient condition for the asymptotic sta-
bility of the system is provided using a Lyapunov-Krasovskii functional. The state
feedback controller is given in terms of LMIs. Application to congestion control in

ATM networks is provided as well.

In Chapter 6, we revisit the classic linear quadratic Gaussian (LQG) problem for
discrete-time systems with multiple input/output delays in finite horizon. A separa-
tion principle is established in order to convert the output feedback control problem
into an LQR control problem in conjunction with the Kalman filtering. The LQR
controller is obtained using a duality between the LQR for multiple-input delay
systems and a smoothing problem for an associated backward stochastic delay free
system. The Kalman filtering with multiple output delays is solved using a re-
organized innovation analysis. One forward and one backward Riccati equations
with the same dimension as the original system are to be solved. This approach has

the advantage in computation as compared with the system augmentation approach.

In Chapter 7, we investigate the finite time horizon H,, control problem for discrete
time systems with multiple input delays. We extend the existing work [97] by
allowing a more general form in the controlled output. A linkage between the H
control problem and a smoothing problem is first established which allows us to give
a sufficient solvability condition for the H,, control problem by classical estimation

theory. Our solution is given in terms of one Riccati difference equation of the same

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE
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dimension of the plant (ignoring the delays). As a special case, a complete solution
to the Hy state feedback control of systems with multiple input delays is derived.
The H,, control result is then applied to ATM congestion control. Simulations show
that the proposed control technique can achieve desired control performance very
efficiently and has certain robustness with respect to the varying round trip delay

of the ATM network.

In Chapter 8, we consider the problem of sampled-data LQR for systems with mul-
tiple input delays. State feedback control with the zero-order hold is adopted and
we apply the Dirac delta function to transform the hybrid (continuous and discrete)
problem into a continuous-time LQR problem and solve it using the result of [98].
The sampled-data optimal controller is then derived via some algebraic manipula-

tions.

In Chapter 9, we draw some conclusions and recommend some works for future

research.
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Chapter 2

Robust Deconvolution of
Uncertain Discrete SISO Systems

with Input Delay

2.1 Introduction

Deconvolution deals with the estimation of the input signal transmitted through
a system (channel) based on some noise corrupted measurement [30] [1]. Much
attention has been paid to this problem based on the Kalman filtering formulation
[13] [43] or the polynomial approach [45] [1]. When system parameters are not
known precisely or the parameters are time varying because of the perturbations of
transmission medium, robust deconvolution can provide reliable estimation against
these parameter uncertainties. In [13], the minimax robust deconvolution estimation
is discussed in a state-space framework where Kalman filtering is used. For systems
with random parameter uncertainty, a polynomial approach is adopted in [68] for
dealing with the robust filtering problem. However, the uncertainties are assumed

to exist only in the numerator of the system transfer function which may not be

11



2.1 Introduction 12

realistic. On the other hand, in most of the existing works, the parameters of the
system and the statistics of the noises are assumed to be known exactly, which may
not be the case in practice. For example, in mobile communications, channels are
affected by the speeds of mobile terminals and transmission medium and are usually
time-varying. It is impossible to determine the exact models of the channels. On the
other hand, ignoring modeling uncertainties in the design of estimators may result
in poor system performance [13]. Delay in input deteriorates the performance of

deconvolution estimator in terms of mean square estimation error.

This chapter aims to present a polynomial approach to the robust deconvolution
filtering problem for a general case where both the system with input delay and
signal models contain random time-varying parameter uncertainties and the second
order statistics of input and measurement noises are assumed to be within certain
bounds. A robust filter is designed based on a minimax approach in the sense
that the filter will minimize the upper bound of the estimator error covariance with
respect to all the system uncertainties and noises. Unlike the work in [13], we adopt
a polynomial approach which is usually preferred for signal processing applications
and is computationally more attractive. To derive the robust optimal estimator,
we first convert the random parameter uncertainties into two fictitious noises and
give a simple way to calculate their covariances. Then, the estimator is designed
following the standard polynomial approach. Our solution is given in terms of one

spectral factorization and one polynomial equation.

The following notations are used throughout Chapter 2 and Chapter 3. ¢! is the
backward shift operator. X,(q™!) is the conjugate polynomial of X(q71), i.e., if
X(q@ YY) =20+ 217 + .o+ Tpeq ™, then X, (¢7Y) = 20 + 21 + - -+ + Tpeq™. For

1

the sake of simplicity, the backward shift operator ¢~ will be dropped wherever no

confusion may be caused.
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2.2 Problem Statement

We consider the source signal u(k) and the noise corrupted measurement y(k) that

are generated by uncertain models [13,15]:

[D(g™") + AD(g M u(k) = [Clg™")+AC(g )] e(k),

(2.1)

[Alg™ )+ AA(g )] y(k) = [Blg™")+AB(g )] ulk—d)+ [P(g"") + AP(q )] v(k)

where d is the delay in input, D(¢™'), C(¢™%), A(¢™'), B(¢g~') and P(¢™!) are known

polynomials which have the form

X(g") = wot+mg . 4 xaeg ™ (2.3)

The polynomials AD(q™!), AC(¢7'), AA(¢™'), AB(¢g™') and AP(q™') represent

parameter uncertainties of the models and they have the form

AX(q7") = wo(k) + 21(k)g " + -+ o (k)g ™™ (2.4)

with z;(k), i« = 0,1,--- ,nz being time-varying random variables. In practice we

may always assume [15,30] that dy = ag = 1, dy(k) = 0 and ag(k) = 0.

For the sake of convenience in discussion, we adopt the notations:

1>

X(k) [xnwo(k)v xnmo+1(k)7 Tty xnx(k)] ' ’ (25)

T
[q—nzo’ q—(n$0+1), - ’q_nx] s (26)

II>

Qs

where ndy = nag = 1 and ncyg = nby = npg = 0.

Remark 2.2.1. By using the above notations, we have that AX (q7') = QL X (k).

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE
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T

For example, AD(q7') = QTD(k) with Q4 = [q—l ,q—ndi| and

Y

D(k) = [dl(/{;), . 7dnd(/g)]T, and AC(q71) = QTC(k) with Q. = [l,q—17 . ,q—nc]T

and C(k) = |:CO(]€), e anch)r'

In addition, we denote

D.(k) = |-DT(k) cT(k)}T, (2.7)
Ay(k) = |- AT(k) BT(k)}T, (2.8)
Ay(k) 2 | AT (k) PT(k;)]T, (2.9)
Ay(k) £ [—AT(R) BT(K) PT(k)]T, (2.10)

where A(k), B(k), P(k), D(k) and C(k) are defined in (2.5).
The following assumptions are made throughout this chapter.

Assumption 2.2.1. The input noises e(k) and v(k) and the random parameter
uncertainties Ap,(k) and D.(k) are mutually independent white noises with zero

means and covariances:

Ele*(k)] = o, EW*(K)] =0}, (2.11)
E [Ap(k)AL(K)] = Rayp, E [D(k)DL (k)] = Rae, (2.12)

where E and E are respectively the mathematical expectations with respect to the

mput noises and the random parameter uncertainties in the models.

In this chapter, the covariances o2, o2 Rapp and Rg. are not known exactly, but are

e’ v

from known ranges given below.

Assumption 2.2.2. The unknown covariances o2, 02, Rayp and Rg. have the

e’ v

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE
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known upper and lower bounds, i.e.

o; <o <7, ar<o.<o, (2.13)
Eabp S 7?’abp S ﬁab;m (214)
Edc S 7—\)fdc S ﬁdv (215)
Denote
Ra 2 B[ARATK)], Ru2 E[AEATE)],
Rap = E[AKALK)], RaZ E[DED(K)]. (2.16)

In view of (2.7)-(2.10), Ra, Rap and R,y can be easily obtained from the covariance

matrix Rgpp and Ry from Rg.. For example, R, is the first n, x n, sub-block of

Rabp-

Furthermore, from (2.14)-(2.15), it is easy to know that

Ea S Ra S ﬁa» R < 7-\)'ab S ﬁaba Eap S 7?fap S ﬁa]m (217)

o =

R;< Ra <R (2.18)

where R, (Ra), Ry (Ray) and R, (Ryp) can be obtained from the corresponding
lower (upper) bounds R, (Rap), and R, (Ry) from Ry, (Rae)-

Remark 2.2.2. [t is worth noting that the above model can be used to represent
a system whose model may be subject to some variations from its nominal model
and can find applications in, for example, mobile fading channels in communications
[72], signal processing, control [17], nuclear fission and heat transfer, and population
models [63]. Similar models have been used in [13,89] where a state-space approach

has been adopted. In fact, our model (2.1)-(2.2) will reduce to that of [13] when
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AD(¢Y) = AC(¢7Y) =0, A(g™Y) = P(¢Y) and AA(g™) = AP(q™Y), i.e., when
there is no uncertainty in the model of the source signal and the measurement noise is
white. On the other hand, a state-space model with its coefficient matrices containing
random parameter uncertainties has been considered in [89] where a Kalman filtering

problem s investigated.

Remark 2.2.3. Assumption 2.2.2 on the second-order statistics of the uncertainties
is standard; see, e.g. [70]. It should be noted that the system parameters in [70] are

assumed to be known exactly, only the noise statistics contain uncertainty.
Assumption 2.2.3. The polynomials A(q~t) and D(q ') are stable, i.e., all zeros
of A(g™), D(¢™") are in | g |< 1.

The robust optimal deconvolution estimation problem to be addressed in this chapter

is stated as follows:

Given the measurement y(s), 0 < s < k —m, where m is an integer, find a time-
invariant estimator u(k | k — m) to minimize the following mazimum mean square

error:

min max EE k) —a(k | k—m 2’ 519
{8} {Rac,Rabp,02,02} [ ( ) ( | )] ( )

where E is the mathematical expectation with respect to e(k) and v(k), and E with

respect to D.(k) and Ap,(k).
The resultant estimator is called robust optimal deconvolution estimator.

Remark 2.2.4. Since the white noises represented by e(k) and v(k) are independent
of D.(k) and Ay,(k), the objective function defined by (2.19) is obviously equivalent

to

E[u(k) — (k| k—m))?, (2.20)
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where E is the mathematical expectation over e(k), v(k), D.(k) and Apy(k).

2.3 Design of Optimal Deconvolution Estimator

In this section, we derive a robust optimal deconvolution estimator by using pro-
jection formulae and an innovation analysis approach. It is shown that the robust
optimal deconvolution estimation involves computing covariance matrices of two
fictitious noises, one spectral factorization and one polynomial equation which is
slightly more complicated than the standard optimal design for systems without

random parameter uncertainties.

2.3.1 Fictitious Noises

First, in view of (2.4), (2.1) and (2.2) are re-written as

D(g Yu(k) = C(qg "e(k) + eo(k), (2.21)
Al Ny(k) = Blg u(k —d) + P(g)o(k) + vo(k), (2.22)
where
eo(k) = —AD(g M u(k)+ AC(qg He(k), (2.23)
vo(k) = —AA(gHy(k) + AB(g Hu(k —d) + AP(q (k). (2.24)

eo(k) and vo(k) are termed as fictitious noises. Substituting (2.21) into (2.22) yields

ADy(k) = DPu(k) + BCe(k — d) + Beo(k — d) + Duo(k), (2.25)

where the operator ¢~! has been omitted in the polynomials A, B, P, C' and D.
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Assumption 2.3.1. The upper bounds Ry and R, of the covariance matrices Ry

and R, satisfy

1 1 TS dz
o IH(DD*) 1Q§Rd[Q§]*? < 1, (2.26)
1 1T (AT P2
i (AA) T Q, Ra[QD. ] — < 1, (2.27)
T |z]=1 z

T

9

T
where Qg = [qfl 7q*nd} and Qq = |g~,--- g

Remark 2.3.1. Assumption 2.3.1 basically implies that the random uncertainties

AD and AA should be ‘smaller’ than their nominal values D and A, respectively.

Now, we have the following results for the fictitious noises, which will play an im-

portant role in the design of robust optimal deconvolution estimator.

Theorem 2.3.1.
(a). e(k), v(k), eo(k) and vo(k) satisfying Assumption 2.2.1 are mutually uncorre-
lated.

(b). eo(k) and vo(k) are white noises with zero means and the following covariances:

02 2 B[R] = m(l-0)" (2.28)
o2 2 EAR)] = (02 A +A)(1— X)), (2.29)
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where
1 1 AT 7 dz
N o= 5 lz‘ﬂ(DD*) Qde[Qd]*? (2.30)
Nmo= 207:1 jlle(DD*)1 [CQdT DQCT} Rae [CQdT DQCT]*%, (2.31)
Ao = % |Z:1(AA*)‘1QZRQ[QZ]*%, (2.32)
A= % |ZZl(AA*DD*)‘1 [BQaT AQbT] Rab [ng’ Agg]*%, (2.33)
N = QLM |Z:1(AA*DD*)‘1><{[BQGT Agfbr] Rap [ng AQbTLC'C*crf
+ POl AQT| Ry |POT Agg]*ai}%, (2.34)

and Qg, Q., Qu, Qp and Qy are as defined in (2.6).

Proof: See Appendix A.

2.3.2 Robust Optimal Deconvolution Estimator

Given the observation y(s), 0 < s < k — m, a stable time-invariant linear deconvo-

lution estimator @(k | k —m) can be given as

Wk | k—m)=F(g Hy(k —m), (2.35)

where F is a causal and stable transfer function. From (2.21) and (2.23), it follows

that

z(k)

= u(k) — Fy(k—m)
C m_qg FBC . FP 1 m_aFB
= |5 D e(k) —q Tv(k) + {5 E] eo(k)
—q_m]z:vo(k) (2.36)

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

2.3 Design of Optimal Deconvolution Estimator 20

Applying (2.36) and Theorem 2.3.1, the estimation error is calculated as

EZ*(k) = é% {ﬁ[%—qmdfgghFh+ﬁfﬂji
+o?, [% — q_m_d%} ], + oy, Zﬁ } —dz, (2.37)
where
F = % —q ™ d]—"% = % —q_m_d]-"%.

Lemma 2.3.1. Under Assumption 2.2.1 and Assumption 2.3.1, we have

2 _ . B =2 =2
arg {Rdc,gﬁ,}fazaﬁ} Ez(k)* = {Rac; Rap, 02, 0.}, (2.38)
max Ez(k)? = G°ki +02ky + 52 k3+0 K, (2.39)
{RdcvRabpyggvg?)}
where
-2 2 -2 _ 2
060 B O-eO{Rdczﬁdc}’ O—UO - O—UO{Rabpzﬁabp}’ (240)
and
1 C maBCT [C m—a-BC
o= z—m- [B—Q E} {5_‘1 f@} P
PP, 1
kﬁg = fff dZ,
2i A,z
1 1 B 1 B
ke = — __—md_ __—md__d
3 2m‘ {D fAD} { fAD] =
ki = ——d 2.41
4 27 j{f}— AA, z = ( )
Proof: Note from (2.37) and (2.41) that
EZ*(k) = o2k + ook + 0l ks + 05 ka, (2.42)
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where 02 and o7, are computed by (2.28)-(2.29), i.e.,

€0

0'2 = "}/1(1 — ’)/0)71, 0'2 (O'zo>\1 -+ )\2)(1 — )\0)717 (243)

€o vo

with ; and \; being given by (2.30)-(2.34). It is not difficult to know that R, =
ﬁabp implies Rab = ﬁaba Rap = ﬁap and Ra = ﬁa, and Rdc = ﬁdc implies Rd = ﬁd.
By applying Theorem 3.1, (2.38) and (2.39) follow from (2.42) directly.

Now the problem that is to be addressed in this chapter is converted to that of

finding an estimator u(k | K — m) such that the following is minimized

Ex(k)? L (2.44)

‘{RdaRabp:Ungg}:{ﬁda ﬁab;m 32, U%}

Theorem 2.3.2. Consider the system defined by (2.1) and (2.2) and satisfying
Assumptions 2.2.1-2.2.3 and 2.3.1. The robust optimal deconvolution estimator is

given by (2.35) where the transfer function F has the form:

F=2L (2.45)

while the unknown polynomial Q1 with an order of max{nc—m—d,nd—1}, together
with the polynomial L, of the order OL = max(nb+nc+m-+d,nf)—1, is the unique

solution to the equation

010,57 + qL.D = ¢"** [CC,B,7: + B.72,) . (2.46)

2

< are the solution to the

In addition, the unknown polynomial 3 and the covariance &

following spectral factorization:

38,02 = BB.CC,o> + DD, PP,5. + DD,s. + BB,o~ . (2.47)
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The minimal upper bound of the estimation error covariance is given by

E2(R) i — 1 0.CC.+3:, DBB. (EﬁCCj 7:,)([@2CC, +72) ldz
2 DD, 3B,DD,7 P
1 [ LL, 1
~dz. (2.48)

omi | 7255, 2

Proof. The result can be established by a similar argument as in [101].

Remark 2.3.2. (2.46) is a bilateral polynomial equation. Note that D and 3 are
stable. Thus, D and B, have no common factors. This implies that the invariant
polynomials of D are coprime with those of 3,. Hence, a solution of (2.46) always
exists and is unique [45]. Furthermore, a polynomial equation (2.46) can be easily
solved by a linear system of equations AX = B, where A is a Sylvester matrix

containing the coefficients of the polynomials in (2.46).

Remark 2.3.3. Since the polynomial 3, the spectral factorization factor, is always
stable, the estimator given by (2.45) is always stable. Note that the calculation of
the spectral factor  and &2 is very standard, a number of effective algorithms can

be found in literature [37,45].

Remark 2.3.4. As mentioned earlier, systems with random parameter uncertainties
have been considered in [13,89]. In [89], a state-space model with its coefficient ma-
trices containing random parameter uncertainties has been studied for robust Kalman
filtering using a linear matriz inequality (LMI) approach. Note that in [89] all the
second-order statistics are assumed to be known exactly, only the initial values are
uncertain and a finite horizon robust estimator is considered. In [13], the polynomial
model is converted to a state-space model and a robust Kalman filter is then designed
based on a Riccati equation approach; see also [65]- [66]. In the present work, we

provide a robust filtering solution via a polynomial approach.

To compare our work with that of [13], we consider the system tackled in [13] by
setting AD(q™") = AC(q™') = 0 and P(¢7') = A(¢g™'), nd > nc, na > nb and
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m = d = 0 in our model. In this case, by [13], at least one Riccati equation of
order na + nd and one Lyapunov equation of order na + nd are to be solved. In
our approach, the calculation includes solving the spectral factorization (2.47) and
the polynomial equation (2.46) (with order max{nc,nd — 1} + na+nd —1 ). Note
that the calculation of Ao, A1 and Mo is a simple application of residual theorem
and the polynomial equation is solved by a linear system of equations which is much
simpler than solving the Lyapunov equation in [13], especially when na or nd is
large. Furthermore, it has been shown in [45] that the spectral factorization of (2.47)
is computationally much more attractive than solving the Riccati equation in [13],

especially when the order of the Riccati equation is high.

Remark 2.3.5. Delay d in input affects the order of Q1 in (2.46), furthermore
the order of transfer function F. When d increases, il is harder to predict the
wnput signal through the information of output, i.e. the minimal upper bound of the

estimation error covariance increases.

2.4 Examples

In this section we shall apply the presented polynomial approach to the example

in [13] and an application in wireless communication [48].

Example 2.4.1. Consider the example in [13] where the models of the signal and

measurement system are described by (2.1)-(2.2) with
D(g')=1-08¢"", AD(¢"") =0,
Clg")=q¢", AC(¢") =0,
Alg™) =1-02¢7", AA(¢™") = a(k)q ™,

B(qg')=04q"", AB(q ") =b(k)g ",
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P(g")=A(¢"), AP(¢") =AA(¢"), d=0.

The model uncertainties a(k), b(k), the system noise, e(k), and the observation
noise, v(k), are assumed to be mutually independent white noises with zero means
and variances of o2 € [0.06,0.26], o2 € [0.04,0.24], o2 € [0.5,1] and o2 € [0.5,1],

respectively.

Applying Theorem 2.3.1, we have 520 =0 and 530 = 1.1299. Then, the spectral

e

factor satisfies

o2(1+ Bg M) (1 + Bq) = —8.7956¢" — 8.7956¢ + 18.2276,

which gives

Blg™")=1-0.7619¢ " +0.0628¢ %, o2 = 2.5491.

The robust deconvolution estimator for filtering (m = 0) is obtained from Theorem

2.8.2 as

a(k | k) = (1—-0.7619¢"" 4+ 0.0628¢ %) (1 — 0.8¢ ") L(q ")y(k),

where the polynomial L(q™') is the solution to (2.46) and is given by

L(g™") = 0.2915 — 0.0466¢ .

It is not difficult to verify that the above estimator is equivalent to the state space

solution given in [13].

Example 2.4.2. [In IS-136 (Second generation of the digital standard TDMA
(Time division multiple access) wireless technology) system [64], the symbol time T

will be set to 41.15us, carrier frequency is 1900 MHz. Among every N = 162 differ-
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ential QPSK (Quadrature phase shift keying)-modulated symbols, there are Ny, = 14
leading training symbols. Here, Doppler rate Qp = 0.04 or Doppler frequency
fp = 1600H z when mobile speed is 90km/h [48].

A three tap Rayleigh fading symbol-spaced baseband channel with independently fad-

ing taps is simulated

Y = hogur + by pur—1 + hoptr—o + vy = Pphy + vk

where @y, = [uy, up_1 ug—o|" and hy = [hoy hix hog]®, ®f is defined as the complex
conjugate transpose of a column vector ®y. The symbols {uy} are assumed to have
zero mean and constant modulus. It is assumed stationary with a known nonsingular
autocorrelation matriv R = E®,®; = I. The observation noise vy has zero mean

and variance 2.

As the channel is time-varying, the taps are also time-varying. However, with a
short period of time, we can consider that the taps consist of constants and random

variations described by white Gaussian noises.

hig = hip + Ahig, 1=0,1,2.

Define

ik .
;= 1=20,1,2,
OAh; i,

as the ratio of nominal value against uncertainties. oap,, s the deviation of tap
uncertainty. In this case, we assume rqo =r; = ro = r. When channel is fast fading,

r is small; when channel is slow fading, r is large.

From the information of leading training period, we can use the RLS (recursive least-
squares) [49] algorithm to obtain the nominal part of the taps. Now, we can apply

robust estimator to estimate the transmitted signal in the following short time (e.g.
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N — N, = 148 symbol time).

Bo,k = 0.53; BLk = 0.02; 712’]{ = 0.06 are nominal values of the channel at a certain
time. Robust estimator and nominal estimator are derived in the way presented in

this chapter.

The simulation result (Figure 2.1) shows that the robust estimator can achieve much

better performance than nominal estimator when uncertainties are big (i.e. 1 is

small).

MSE vs r

0.9

0.8

0.2

0.1r

Figure 2.1: MSE performance of robust estimator (solid line) and nominal estimator

(dash-dot line).

Now we discuss the situation when the SNR (defined as square of variance of ey
versus variance of vg) and r change. From Figure 2.2, we can find that the robust

estimator outperforms the nominal estimator consistently, especially when r is small

and/or SNR s large.
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SNR =10, r=4 SNR=10, r=2

MSE vs Time MSE vs Time

10 20 30 20 50 60 70 80 90 100 o 10 20 30 0 50 60 70 80 90 100

SNR=10, r =6 SNR=50, r =4

MSE vs Time MSE vs Time

Time Time

Figure 2.2: MSE Performances of robust estimator (solid line) and nominal estimator
(dash-dot line).

Furthermore, we investigate the MSE performance when the nominal values of the
channel change. Figure 2.3 and Figure 2.4 show the MSE performances under sys-
tem parameters hgy, = 0.1076; hy, = 0.0739; hgy, = 0.0173 and hoy, = 1.0982; hyy =
0.0263; 7127;6 = 0.0235, respectively. We conclude that MSE is smaller when the nom-
inal parameters (especially dominant parameter hgy,) are larger. The reason is that
when BM is larger, the effect of observation noise vy is smaller, so the estimation

performance is better.

Now we consider a more general situation, the input is modelled as colored noise

and the parameter uncertainties also exist in the input signal model.

Clg ") +AC(q™")
D(q~1)+AD(q™!)

U =

— | —
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Figure 2.3: MSE Performances of robust estimator (solid line) and nominal estimator
(dash-dot line).
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Figure 2.4: MSE Performances of MSE robust estimator (solid line) and nominal
estimator (dash-dot line).
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where e and uy are a white Gaussian noise and the transmitted signal, respectively.

Clg™") = 0.6¢7"

D(g") = 1+05¢"

AC(¢™") = Aag™

AD(g") = Adig! (2.2)

The uncertainties Acy and Ady are assumed to vary with 25% of their nominal
values. Other conditions remain the same as in the first example (f_LO,k = (0.53; l_zl,k =
0.02; B;k =0.06) and r = 4, SNR = 50. The result is shown in Figure 2.5, the
solid line is the one when we consider the uncertainty in the input signal model,
whereas, the dash-dot line is the one when the uncertainty of the input signal model
1s not taken into consideration in the design of estimator. It is clear that the one

which takes into account the input signal uncertainties gives better performance.

MSE vs Time

(o] 10 20 30 40 50 60 70 80 20 100
Time

Figure 2.5: MSE Performances of two robust estimators: one considers the input
signal model uncertainties (solid line) and the other does not consider the input
signal model uncertainties (dash-dot line).
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2.5 Conclusion

In this chapter, we have presented a polynomial approach to the robust deconvo-
lution filtering for systems with random parameter uncertainties and input delay.
The uncertainties appear not only in both the numerator and denominator of the
system model but also in the input signal model. The covariances of the input and
measurement noises are not exactly known but with known lower and upper bounds.
We introduced two fictitious noises to quantify the effects of the random parame-
ter uncertainties and presented simple formulae to compute the covariances of the
fictitious noises. The optimal robust estimator is given in terms of one spectral

factorization and one polynomial equation which can be solved efficiently.

The presented polynomial equation method is an alternative solution of [13] and
is computationally more attractive than the latter [45]. Further, the model of the
system under consideration is more general than the one in [13] where the input

signal is required to be known exactly.
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Chapter 3

Robust Deconvolution Estimation
for Uncertain Discrete MIMO

Systems with Input Delay

3.1 Introduction

Multiple-input multiple-output (MIMO) systems appear in communications where
information from different users couples in channels. Different from an SISO system,
polynomial matrices instead of polynomial functions in frequency domain are used
to describe the channels and it is more difficult to solve the deconvolution estimation

problem for MIMO systems.

There are some existing works on deconvolution estimation of MIMO systems, e.g.,
Ohrn et al. [68] discuss the robust MIMO deconvolution in frequency domain in
which parameter uncertainties appear only in the numerators of the transfer func-
tions, which, however, is restrictive in reality because there may exist uncertainties

in denominators as well. In this chapter, we consider an MIMO system with input

31
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delay whose transfer function matrix contains random time-varying parameter un-
certainties. The random parameter uncertainties are assumed to be of zero means
and known covariances. A filter is designed that minimizes the estimation error
covariance with respect to all the system uncertainties and noises. Unlike the work
in [13], we adopt a polynomial approach which is often preferred for signal processing
and communication applications. To derive the optimal estimator, we firstly convert
the random parameter uncertainties into two fictitious noise vectors and calculate
their covariance matrices. Under some conditions, the covariance calculation can
be simplified. Similar to the SISO case, the estimator is then designed through
spectral factorization and projection. The solution is given in terms of one spectral

factorization and one polynomial matrix equation.

3.2 Problem Statement

We restate the system with its signal and channel models given by [30]. In order to
highlight the main idea, we simplify the problem by discussing uncertainties only in

the system model where the input signal model is uncertainty free.

[A(g™") + AA(g Dy(k) = [B(g")+AB(qg u(k —d) + [P(¢"") + AP(q")]u(k),

u(k) = D7 g )C(q e(k) (3.1)

where d is the delay in input, u(k) € R™ is the input signal, y(k) € R* is the output
measurement, e(k) € R and v(k) € R? are zero-mean white noises with known
covariance matrices (). and @), and they are independent of each other. Note that

here we are considering systems with multiple inputs and multiple outputs.

The polynomial matrices A(q~1), B(q™'), C(q™1), D(¢ '), and P(q~!) are given,
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and they have the form

XY = Xo+Xig 4+ X g (3.2)

The polynomial matrices AA(g™"), AB(¢!) and AP(¢™') represent the time-varying

uncertainties which have the form

AX(q") = Xo(k) + Xa(k)g "+ + X, (k)g ™. (3:3)

The time-varying uncertainties are characterized as random processes with zero
mean and known covariances. They together with e(k) and v(k) are independent of
each other. In practice, we may always assume that Dy = Ay = I and Ay(k) = 0.
Assume that the input signal has known statistics but the channel and measurement
models have uncertainties. In fact, our study can be easily extended to the case

where there exist random uncertainties in the signal model as well.
The problem under investigation is:

Find an estimator which minimizes the following averaged mean square error:

EEu(k) — a(klk —m)]"[u(k) — a(k|k — m)]

where E is the mathematical expectation over the external noise inputs e(k) and v(k),
and E over the random modeling uncertainties AA(q~"), AB(q™") and AP(q ).
The integer m may be positive, zero or negative. We note that when m = 0, the
above is a filtering problem; when m < 0, it represents a fized lag smoothing problem

and for m > 0, it is a prediction problem.
We make the following assumption concerning the system.

Assumption 3.2.1. The polynomial matrices A(q~t) and D(q ') are stable, i.c.,
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all zeros of A(q™1) and D(q') are inside the unit disk.

Remark 3.2.1. In the SISO case, the above model may be converted to a state-space
form. In this situation, the deconvolution problem can be approached using the result
of [18]. For the MIMO case, it is not easy to convert the system (3.1) into a state-
space form due to the presence of uncertainties. Further, even if the system can
be converted into a state-space one, the state-space techniques will require a higher
computational cost. In the following, we shall address the above problem using a

polynomial approach.

3.3 Design of Optimal Deconvolution Estimator

In this section, we shall present a polynomial approach to the design of optimal

estimator.

For the convenience of discussion we shall denote X (¢~!) by X and AX(¢!) by
AX. Tt follows from (3.1) that

Ay(k) = Bu(k — d) + Pv(k) + n(k) (3.4)

where 1(k) = —AAy(k) + ABu(k — d) + APv(k).

Denote

A(R) 2 [A1(R) As(k) - An, (R

B 2 [Bo(k) Bi(h) - Bu(h)] -

Pk) = |R(k) Pi(k) Pnp(k>r> (3.5)
App(k) = :—AT(k) BT (k) PT(/@}T (3.6)
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Note that n(k) can be expressed as

nk) = ALK)Vu(k), (3.7)
where
Vulk) = |yT(k=1) - yT(k—ny); uT(k—d) - uT(k—d—ny);
vt (k) vk —nyp)| -

Thus, it follows from (3.1) and (3.4) that

y(k) = A'BD'Ce(k — d) + A" ' Pu(k) + A 'n(k) (3.8)
and
yu<k) - diag{Q(h Qb7 Qp}
A'BD! A-Lp At
x D™t | Ce(k—d)+| o |v(k)+| 0 |[nk),,
0 1 0
(3.9)
where
i T
Q. = |q¢ ' ¢ --- q_”“_f} ) (3.10)
i T
Q = |I ¢ -- q_"bl] ) (3.11)
i T
o, = [1 ¢1 - q—np[] . (3.12)
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3.3.1 Calculation of the Covariance Matrix of 7

Since AA, AB, AP are random matrices with zero means, it is easy to show that
e(k), v(k) and n(k) are mutually uncorrelated white noise vectors. By using the

Parseval’s formula we obtain the following:

1
_ b diag{Qu, Qp, Qp} x

21 |z|=1

{X10Q.C. X1, + X2QuXa. + X3Q,X5.}

dz
Xdiag{Q(u Qb) Qp}*?? (313)
where 1 = v—1 and
A 'BD! AP A1
Xl - D_l ) X2 = 0 ’ X3 = 0 . (314)
0 I 0

Next, by multiplying A} (t) from the left hand side of (3.13) and Ayy(t) from the

right side, and taking the mathematical expectation E, we obtain

Qy = EE[”UT]

= EE[Ag;yuyZAbp]
—AA,
1 .
= 9w B [—AA AB AP} {X10Q.C. X1 + X2Q, X0, + X3Q,Xs.} | AB,
|z]=1
AP,
1

— — ¢ {E(-2447'BD' + ABD ') CQ.C. (-AAA'BDT + ABD ),

21 |z|=1

+E(~AAATIP + AP) Q, (-AAAT'P + AP), + E(AAATQ,(AA47), } %
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1 .
= &y + — E(AAA_lQnA*_IAA*)%
e |z|=1 z
Y BIAAadjA)Q, (adj A)AA]— T2 (315
- 0 T om 2l=1 IR\ Q) 2y Adet A, - '
where
1 ~
Q) = o E{(-AAAT'BD™' + ABD™") CQ.C, (-AAA™'BD™" + ABD™"),
™ |z|=1
+ (—AAA*P + AP) Qv (—AAA’lP + AP)*} %, (3.16)
z

and the operators adj and det are used to calculate the adjoint matrix and deter-

minant of a certain matrix, respectively.

Remark 3.3.1. If in addition there are uncertainties in the input signal model, then

the expression of ), needs to be modified. In fact, assume that

[D(q™") + AD(q )u(k) = [C(g ™) + AC(q )le(k).

Define é(k) = —AD(q ' )u(k) + AC(q V)e(k), then (3.15) is modified as

1

Q = 5 E{(~ADD7'C + AC)Q.(~ADD™'C + AC)
|z]=1
+E@ADD Q.0 AD) )} &
z
Q, — QL {E(-2A447'B + ABD™)D™'CQ.C.D; (~AAAT B+ ABD™),
T |z|=1

+ E(—~AAAT'B+ AB)D'Q:D;'(~AAA™'B + AB),

+E(—AAATIP + AP)Q,(—AAA'P + AP), + EAAA‘lQnAjAA*} @.
z

To solve the optimal estimation, it is crucial to evaluate the covariance matriz Q.
In the following, we shall address this problem by presenting a number of technical

lemmas.
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Lemma 3.3.1. Let P and Q) be given complex matrices of dimensions r X n and

n x n respectively and with Q diagonal. Define Q = [wy;] = E[L PQP,T,], where T

1s a random complex matriz of dimension k X r. Then

Wik

W21

where v;;, pi; and g;; are elements of I', P and () respectively.

E(%Wu*)

E(Vn%l*)
E’(%Wn*)

E(7517n1*>

Proof: Note that

wlj

= Z Z EVZt[PQP*}tT’YjT*
= > > [Bw-][PQP.ir

= (E(%Wﬂ)

E (711717”*)

E(Wllynr*)
E~(72171r*)

E(’Vﬂl Yeicrs )

E(vinYjr«)

NANYANG TECHNOLOGICAL UNIVERSITY

E (Vlr’}/lr*)

EN'(’YIT’%{T*)
E (727’717‘*)

E(YrYer«)

E(’er/er*)

)

DP11P11«

P11Pr1x

PriDrix«

[PQP*]H

[PQP*]lr

[PQP.),,

P1nP1nx

PinPrnx

prnprn*

(3.17)

(3.18)
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where

[PQP*]tT = Zpt:rqgvxpTx*

411
(ptlprl* ptnpm*> o (3.19)

Ann
By substituting (3.19) into (3.18), we get (3.17).

Lemma 3.3.2. In Lemma 3.3.1, if all the elements of I' are random variables with

zero means and uncorrelated with each other, then ) becomes a diagonal matriz with

w11 E(”Yll’m*) E(’er’hr*)
- - P11P11x« - -+ PinPlnx q11
Wa2 B E(’Yzﬂm*) cee E(%r%r*)
~ ~ PriDPrix -+« DPraPrnx dnn
Wek E(’)’nl'}%l*) cee E('YHT’VNM)
(3.20)
Proof: Observe that
E%t%‘r* = 5lj5trE%t%t*7 (3-21)
b Z = >7
where d;; = /
0, ©+# 7.

wy = Z Zélj(st‘rE%t [PQP*]tT’)/jT*

t T

= Z[E%mt*] [PQP.|y (3.22)

t
which leads to (3.20) directly.
To apply the above lemmas for the calculation of @),, we denote the second term of
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(3.15) by I, ie. II = 5= =1 E(AAA‘lQnA*_lAA*)%. Further, denote A = adjA

2mi Sz
and A, = adjA,.
If all the elements of AA = [Aqy;] are random variables of zero means and uncorre-

lated with each other, then from Lemma 3.3.2, we know that II is a diagonal matrix,

and the diagonal elements are given by

T
[7?11 Tog ... 7TNN]
EAallAall . EACLUVACMN* a11Q11% .- OINQIN«
1
- % |z|=1
EAaNlAaNl EACLNNA(INN* lele* CVL]\[]\/CVL]\[]\H<
a1y
" 1 dz
detAdetA, z
q77NN
A1y
= [Res(fy)] | (3.23)
Annn
where
EACLHACLH . EACLlNAalN* ai1diis --- AINGIN+
1
£ zdetAdet A,
EA(I]\HAaNl EACLNNACLNN* ELNlle* dNNaNN*

Similar calculations can be applied to ®y of (3.15). Hence, the matrix equation

(3.15) becomes N linear equations, from which we can compute @, easily.

Lemma 3.3.3. Let A be a given n x n matrix and I' a random n X n matrix whose
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elements are random variables satisfying

e [ = ta] =T,
Elvjyr) = (3.24)

0, otherwise.

Then,
E(DATT) = ytr(A) I, (3.25)

where [,, is the identity matrix of n x n.

Proof: Assume Q = [w;;] = E(TATT). Then,

Wy = Z Z E’Ylt)\tT”YjT-

t

If Il # j, w; = 0. Otherwise,

wi = Z Z E[Vlt)\t‘r%T]
t T

= Z E[’Vlt)\tt%t]
t

= ~tr(A).

Hence, (3.25) follows.

Corollary 3.3.1. Let AA = iAj(k;)z_j. If all the elements of A;(k), j =
j=1
1,--- ,n, are random variables of zero means and are uncorrelated with each other

and EAj(k)Af(k) =vIn (j=1,2,...,n,), then

1 dz o 1 dz
R AAAil A*lAA*— = _% t A*l Afl ) 396
270 J 2= Qn A, . ;% 9 |z\:1( r(A7Q,A ) Iy ( )
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Proof:

1 dz
— AAA™! 1AA — = 7{ Aj(k)z77)(A7! AT
2mi @A, 2mi |2]=1 Z AT QAL Z

|z|=1
d
- 27Tz7|{ 1ZZA 2 1Q77 )AT< )z ] :
= Z ‘727m% t’I"A QU )]%]N

The third equality is due to the assumption that E(A;(k)AT (k) = 0, if j # 1.

np . p

Furthermore, consider AB = Y B;(k)z™7 and AP = Y P(k)z". If all the elements
j=0 =0

of Bj(k) and Fi(k), j=0,1,--- ,nmy, l =0,1,--- ,n, are random variables of zero

means and satisfying
EB;(k)B{ (k) = 87,1,  EFR(k)P] (k) = diyml,

then using Corollary 3.1, (3.15) can be rewritten as

S 1 1 1
@ — ;%‘2_7”. j|{|=1(tr(A QnAL ")) In = Do = ¢oln,

| d
272—7”]{ tr(A'\BD™'CQ,C.D'B,AZ! + A~'PQ, P, A- )ZZ
S ~i7§ tr(D7'CQ.C.D;" dz+§: tr(Qu).

~ Vi 27ri ol=1 e Vpi v

From the equation above, we can see that (), can be expressed as a diagonal matrix
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diag{qn,, - - - Gyyn } = Vnln, Where 7, is a constant given by

o
1= 52 gk (A AT

T = (3.27)

3.3.2 Calculation of Optimal Estimator

With the computed covariance matrix @),,, we now discuss the computation of the op-
timal estimator. To this end, let (B, D) be a left-coprime pair [30] of B(¢~")D~'(¢™"),

1.e.

B(g™)D™(¢™") =D (a7 B¢ (3.28)
From (3.28) and (3.1), (3.4) can be expressed as

Ay(k) = BD 'Ce(k —d) + Pv(k) + n(k)

= D 'BCe(k — d) + Pv(k) + n(k). (3.29)

Since e(k),v(k) and n(k) are mutually independent, it can be easily observed that

the spectral density of the output y(k) is of the form

(DAY W(z, 2~ (DA

where W(z,27') = BCQ.C.B, + DPQ,P,D, + DQ,D..
We make the following standard assumption on the above spectral W (z, z71).

Assumption 3.3.1. The spectral W (z,z71) is positive definite on |z| = 1.
Under Assumption 3.3.1, a unique stable spectral factor  exists, with an order of
ng = max{ny + ne, ng+np}
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and satisfies the following

BQLx =W.
Or, equivalently, we have

Be(k) = BCe(k — d) + DPv(k) 4+ Dn(k). (3.30)

Note that the spectral factor 4 and ). can be computed using the Riccati equation
approach [18] or by rewriting the original equation W in terms of a reduced Sylvester
matrix [19].

DAy(k) = Be(k)
Note that 3 is an N x N matrix and (k) is a vector.

Theorem 3.3.1. Consider the system (3.1) satisfying Assumptions 3.2.1 and 3.5.1.

The robust deconvolution estimator u(k|k —m) is given by
i(klk —m)=D""(q " )L(¢"")8"' D(g ") Alg~ )y(k —m) (3.31)
where the polynomial L(q™") has the form
L(g)=R(¢) - S(q)

and

R<q71) = Rm + Rm_qul + . + Rnc_kq*(ncfm)’

S(q_l) = SO + S1q_1 + ...+ Snd_lq—(nd—l)
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with the coefficient matrices R; and S; given by

R; = E{Ce(k)e'(k—i)}Q ",

Si = D DiElulk = j)e(k —m—i)]Q".

Proof: By taking the projection of each term of (3.1) onto the linear space generated
by {e(t —m),e(t —m —1),...} [30] [37], it follows that

‘ D;u(t — it — m) = Proj{Ce(t)|e(t —m),e(t —m —1),...}. (3.32)
Note that
a(t —i|t —m) = a(t — it —i —m) + i Elu(t — i) (t — j —m)]Q e(t — j — m),
] (3.33)

Proj{Ce(t)|e(t —m),e(t —m — 1),..} = 3 E[Ce(t)e'(t — ))Q. "e(t —i).  (3.34)
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So,
ng nq
Diju(t —ilt —m) = Dia(t —ilt —i —m)
=0 =0
ng i—1
5D Blult - i)t — j — m)]Q: e(t — j —m)
=0 7=0
ng ‘
= Diq " a(t|t —m)
=0
ng 1—1
+3 Y DiE[u(t — )€ (t — j — m)]Q. e(t — j —m)]

+ Y D DiE[u(t — j)e(t —m —i)]Q, g e(t —m)
= D(gHa(tlt —m)+ S(g He(t —m) (3.35)

0, 1 >0
Ele(t)e(t —1i)] = (3.36)
#0, 1<0
This implies that
0, 1> Ne
E[C(qe(t)e" (t —i)] = (3.37)
#0, i<n,
Using (3.37), (3.34) yields
Proj{Ce(t)|e(t —m),e(t —m —1),..} = Y Rie(t —i) (3.38)
= R(qg He(t —m). (3.39)
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Substitute (3.35) and (3.39) into (3.32)

R(g "e(t—m) = S(qg7")e(t —m)+ D¢ a(t|t —m)

L") = R(@"H -5
From the above we can obtain

Lig et —m) = Dlg™Ya(tlt — m)
atlt—m) = D¢ )L(g B g )Dlg HA@@ Yyt —m). O

In practice, we can calculate L(g~!) directly without calculating R(q~!) and S(q™!),

as shown in the theorem below.

Theorem 3.3.2. Consider the system defined by (3.1) which satisfies Assumptions
8.2.1 and 3.5.1. The robust deconvolution estimator is given by (3.81) with L(q™!)

satisfying the Diophantine equation:
LQ.S3. + zDM, = 2"CQ.C, B, (3.40)

where M, is a polynomial matriz, L and M, are the unique solution of the Diophan-

tine equation. The minimal estimation error is given by

1

Bz (k)2 (R)min = trlo— ¢  [D7I = LF7'q "' B)CQ.C.(I = LA™ g™ B).D]
|z]=1
+D LB D(PQ,P. + QS)D*ﬁ*lL*D*l%. (3.41)
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Proof:

2(k) = u(k) — a(k|k —m)
= u(k) — D'LE'DAy(k —m)
= D7'Ce(k)— D'LA DA ™A Y(BD ' Ce(k — d) + Pu(k) + vy(k))
= D7 'Ce(k) — D'LB'Dg ™ (D' BCe(k — d) + Pv(k) + vo(k))

= D 'Ce(k) — D'LE ¢ ™BCe(k — d) — D'LE ¢ ™ D(Pu(k) + vo(k)).

Assume that £(k —m) is an arbitrary signal generated from a linear combination of

measurement, y(k — m), which can be expressed as

E(k—m) = M(g Hy(k —m)
= M(q g ™A (BD 'Ce(k — d) + Pv(k) + n(k))

= M(qgYHg ™A (D BCe(k — d) + Pu(k) + n(k)).

Based on the projection theory, @(k|k —m) is an MMSE estimate, given the obser-
vation {y(k —m), y(k —m —1)...}, iff

Elz(k)¢T (k —m)] = 0.
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On the other hand,

Ez(k)¢ (k —m)
_ QL {D7'CQ.C.D;'B,A;' 2" M, — [D'LF'BCQ.C.D;*B,A;' M,
T |z|=1
+D 'L DPQ,P.A;' M, + D'LBDQ, A 1M*]}d—z
V4
1
- {D7'CQ.C.D;'B, A 'z M,

211 |z|=1

—-D'LA Y BCQ.C.B, + DPQ,P.D, + DQS[D*)D;lA;lM*}%
z

1 ~ ~ d
N D "HC0Q,C.B, — LQ.AYD AT M, (3.42)

271 |z|=1 z
Because there are no poles in |z| = 1 in (3.42) and the polynomial matrix A is

stable, the part in the flower brace must satisfy

2"CQ.C.B, — LQ.B. = zDM,.

The equation above is called Diophantine equation, from which we can get L(g™!).
The unknown polynomial matrix L with an order of max{n.—m—d, n;—1} together

with M, can be solved, where M, is a polynomial matrix with an order of

OM = maz(ny, +n.+m+d, ng) — 1.

The minimal estimation error is given by

1 . N
EZT(K)2(k)min = tr[Q—i (D71 — LB 2™ B)CQ.Cu(I — LB~ 2™ B), D]
T J|z|=1
+D7 LA D(PQ,P, + QS)D*ﬁjL*DS%]. O (3.43)
z
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Remark 3.3.2. Theorem 3.3.2 presents a design method for the optimal decon-
volution estimation of MIMO systems with random parameter uncertainties in the
system transfer function matrix using a polynomial approach. It should be pointed
out that most of the existing works on deconvolution of systems with random param-
eter uncertainty using a polynomial approach are for SISO systems and they allow
the random parameter uncertainties to appear only in the numerator of transfer

function.

3.4 Example

We consider a two-transmitter-and-two-receiver case. For the system (3.1) with

B 1—-0.1¢g72 —q!
Alg™h) = ,
0.39¢"1 1 —0.9¢72
1—0.3¢7" 0.5
14+0.3¢7t
1—0.4¢7"! 0
1—04g" |
1+0.7¢71 0
1404 |
B 11
P(q ) = )
11
2 -2
-~ aiq a2q
AA(g) = ;
asq™? asq?
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bigt byg!
aB@ = 1,
bsq~' bag”!
ap@ =" P,
P3s P4
d=0,

where a;, b; and P;, i = 1,2, 3,4, are uncorrelated with each other. a; and b; have
the same variance of o7 = 0.003, and p;, i = 1,2, 3,4 have the same variance of
o3 = 0.004. Also

of =0.003, of =0.004,

Qe == -[27 Q’U == 03[2

So,
1 1—0.9¢72 -1
AN —1 -1 -1 -1 ! !
(14+0.6¢71)(1 —0.6¢71)(1 —0.5¢71)(1+ 0.5¢71) —0.39¢"" 1—0.1q2
1 1+40.4q7" 0
D¢ = ~ — ! ,
na _
Q=D E(r(ATT QAT Iy
=0
= ) %Etr(A7'BD'CQ.C.D;'B.A + AT PQPA ) Iy
+ Z ’ybiEtT(D_IOQGC*D*_l)]N + Z /YpitTQv]N;
where

Etr(A"'BD'CQ.C,D;'B,A;") = 17.3867,

Etr(A7'PQ,P,A") = 0.3 % 6.8185 = 2.0456,
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Etr(D™'CQ.C.D;") = 2.2348,
E(tr(A7'AY)) = 4.1878.

We hence obtain

(1—0.003%4.1878)¢% = 0.003% 17.3867 4 0.003 % 2.0456 + 0.003  2.2348 +0.004 % 0.6,

i.e.

Q% = ¢°I = 0.06831.

From (3.28), we can get

A (1—0.3¢7Y)(1+0.4q71) 0.5(1+0.7¢71)
0.5(1 + 0.4¢™") (1+0.3¢ )1 +07¢7Y) |
5 (1+0.7¢71) (1 +0.4¢71) 0
0 (14+0.7¢71) (1 +0.4¢71)
Furthermore,

W = BCQ.C.B, + DPQ,P.D, + DQ°D,

with

W(1,1) = 0.05¢% —0.06¢ 2+ 0.74¢"" 4 2.94 4 0.74q — 0.06¢* + 0.05¢°,

W(1,2) = 0.024¢ > —0.0572+0.76¢" " + 2.50 + 1.15¢ — 0.02¢* — 0.042¢°,
W(2,1) = —0.042¢7 —0.02¢ 2 + 1.15¢" " + 2.50 + 0.76¢ — 0.05¢* + 0.024¢°>,
W(2,2) = —0.084¢ > —0.09¢ 2 + 1.44¢~ " + 3.19 + 1.44¢q — 0.09¢* — 0.084¢>.

Apply the spectral factorization using [30]
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Blg B (q) = Wl ™) = M(g )M (q),
where
M Mo + Myqg~" + Maq ™ + Mzq ™,
0 0 I |
I, O
1 0 1.47 2.5
MO 9
01 0 1.60
0 0 074 0.76
Ml 9
0 0 1.15 1.44
0 0 —0.06 —0.05
M, )
0 0 —0.02 —-0.09
0 0 0.05 0.024
M3
0 0 —0.042 —0.084
After calculation, we obtain that
Bi(g™h) 0.30¢"" — 0.03¢"2 4 0.03¢"% + 1.46,
Bia(g™) 0.45¢~" — 0.03¢™2 — 0.001¢~* + 0.72,
Bor(q™h) 0.32¢7" + 0.02¢72 + 0.0045¢ > + 0.72,
Baa(q™t) 0.95¢7 1 —0.03¢72 — 0.07¢ % + 1.29,
Qe ]2-
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The Diophantine equation of (3.40) is given by

0.30q — 0.03¢* + 0.03¢> + 1.46  0.32¢q + 0.02¢* + 0.0045¢> + 0.72

(a™")
0.45¢ — 0.03¢> — 0.001¢®> +0.72  0.95¢ — 0.03¢> — 0.07¢> + 1.29
14+0.7¢71 0
+q M.(q)
0 1+0.4q7"
1—0.4q! 0 1—0.4q 0
0 1-04q! 0 1—0.4q

(1-03¢)(1+04q)  0.5(1+0.4q)
0.5(14+0.7¢) (14 0.3¢)(1+0.7¢)

1.12 — 0.2360g — 0.1792¢2 + 0.0480¢% — 0.4¢~
0.44 + 0.206¢ — 0.14¢% — 0.2¢""

0.5 + 0.032¢ — 0.08¢% — 0.2¢~"
0.76 + 0.676q — 0.1564¢ — 0.084¢> — 0.4¢™"

Solving, we can get

1.0383 — 0.2725¢™"  0.0025 — 0.0029¢~*
0.0247 4+ 0.0220¢~ " 0.8298 — 0.3223¢*

—0.4494 — 0.1517q + 0.0169¢*> —0.2297 — 0.0965q — 0.00454>

—0.1377 — 0.1154¢ + 0.0001¢> —0.0726 — 0.1443q — 0.0260¢>

At last, we obtain the estimator(m = 0)

a(klk) = D¢ ")L(g "B (¢ )D(g ) Alg y(k)
1 S S

= = y(k)
So\ s, s,
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where

Sy = 1.3650 4+ 1.2196¢ " + 0.0657¢ 2 — 0.1029¢ > + 0.0073¢*,
S, = 1.3376+40.8811¢" ! —0.3916¢ 2 — 0.2805¢ > + 0.0179¢ %,
Sy = —0.7439 — 1.9097¢~" — 0.4586¢ % + 0.6037¢ > + 0.1382¢ %,
S; = —0.5656 + 0.0880¢ ! 4 0.4051¢"2 — 0.0061¢ "> — 0.0338¢*,

Sy = 1.193741.1526¢"* — 1.0015¢ 2 — 0.7042¢ 2 4 0.2143¢~*.

Simulation result

| \ A | / | A
U:l 0 \ ,\J 4 \/ iy \/ [
= /) y !
_2 - -
|
_4 - -
_6 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
Time
3 T T
— real signal
2r ' — - estimated signal []
o a — ,
1r \ I | ; | , l | | \ . l\,
v \Y W \ ) i / /‘ ! |
W 0 \ I ) ‘ " RN R
2 \ / I 1 \ i
-1+ \» [ \ \
P ’
2k |’ 1 i
|
_3 L -
_4 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
Time

Figure 3.1: Performance of MIMO system, solid line denotes the true signal, dash-
dot line denotes its estimate by the robust estimation.

From Figure 3.1, we can find robust deconvolution estimate tracks the real actual

signal well. In order to observe the average performance of the robust deconvolution
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o6

estimator, we calculate the MSE (100 tests were used) of u; and uy using the robust

and standard MSE without considering parameter uncertainty, respectively.

08

06

04

02

robust MSE of uy

= 0.7037
standard MSE of u, ’
bust MSFE

robus SE of usg  0.8475.

standard MSE of us
mean square estimation error of Uy
b f\ )
B A & |

by P4 A IV s TS Bk
AL \ W

b
WA S

10 20 0 40 40 0 7 il 0 100

Time

mean square estimation ermor of u,

— robust MSE
— standard MSE -

Figure 3.2: Performance of MIMO system, solid line denotes the mean square esti-
mation error of the robust estimator, dash line denotes the mean square estimation
error of the standard estimator.

From Figure 3.2 (100 tests were used), we can see that performance of the robust

estimator is better than that of the nominal estimator. When we design an esti-

mator, the factor of model uncertainties cannot be ignored if the uncertainties are

larger.
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3.5 Conclusion

In this chapter, an MIMO robust deconvolution estimator design for systems with
input delay has been presented using a polynomial approach. The approach has the
advantage, compared to other existing works, that the denominator uncertainties are
allowed in the transfer function matrix, which is more general than the one allowing
uncertainties only in the numerators of the system transfer functions. The technique
of projection and spectral factorization are used in the design. We have presented a
simplified method to compute the covariance of the fictitious noise. The estimator
in polynomial form is relatively simple and has an advantage in computational cost
compared to the state space counterpart. Simulation results have shown that the
robust estimator performs better than the standard MSE. When the uncertainties
are larger, the advantage of the robust estimator over non-robust one becomes more

obvious.
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Chapter 4

Hy; Control for Systems with

Time-variant Input Delay

4.1 Introduction

Starting from this chapter, we will focus on the study of control problems for systems
with time delay in input/output. Time delay exists in many engineering systems
and it is a factor that affects the performance of a system or even the stability
of the system. There have been quite a few approaches to control problems for
systems with input delay, see review papers [60,73,90]. Gouaisbaout et al. [31,32]
provide sliding mode control for linear time delay systems where an upper bound
of delay is assumed known. Xia et al. [91] provide a ‘memoryless’ state feedback
sliding mode controller in terms of LMIs where no upper-bound of delay is needed.
‘Memoryless’ state feedback control has a simple structure and can be applied to

address performance control in addition to stability.

In this chapter, a BMI approach to state feedback Hy control for systems with time-

variant input delay is discussed. Firstly, we augment the state to transform the

29
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time delay system into a delay-free system and then we apply an BMI approach for
the delay-free system. The delay is assumed to be time-varying but bounded. We
present a robust control design that guarantees the stability and H, performance

for the system for all admissible delays.

The application of the proposed robust control in congestion control is also investi-
gated. In congestion control, we are concerned with the best average performance of
the network over a long period of time. Hence, the Hy performance measure would
be an appropriate candidate. Our objective is to design a congestion control that
would give rise to a guaranteed Hy performance regardless of the time-varying delay
on the return path. Saturation in source rate and queue buffer is also taken into

consideration in congestion control.

4.2 Problem Statement

Introduce a discrete time system with time delay input as

z(k+1) = Ax(k)+ Biw(k) + Bou(k — di), (4.1)

z(k) = Cuz(k)+ Du(k —dy), (4.2)

where z(k) € R, u(k) € R™, w(k) € R? and z(k) € R" represent the state, the
control input, the exogenous input (noise) and the controlled output, respectively.
dy € {1,2,--- ,d} is time-variant delay in input at time k with d known and w(k)

is a Gaussian white noise.
Our objective in this chapter is:

Find a suitable state feedback controller such that the closed-loop system is asymp-
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totically stable and the cost

J = lim %E{Z 2T (k)z(k)} (4.3)

is minimized, where E(-) denotes the mathematical expectation.

4.3 Design of Robust State-feedback H, Controller

We consider a state feedback control u(k) = Fx(k) for the system (4.1)-(4.2). The

closed-loop system is given by

x(k+1) = Ax(k) + BoFx(k — di) + Byw(k),
2(k) = Cux(k)+ DFx(k — dy).

(4.4)

By considering that dj, € {1,2,--- ,d}, we transform the system (4.4) into an equiv-

alent system as follows by state augmentation:

(X): &k+1) = A(k) + Bu(k)

z(k) = ékﬁ(@

where
(dg+1)—th block
A 0 B 0 0
z(k) 2 By
F 0 0 0 0
§(k) = L VR 0 0o 0|~
Ealk) 0
0O 0 0 I, O
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_ (dr+1)—th block
= ~=
Ch c 0 ---0 D 0o --- 0 |-

Here, B, and D are at the (dj +1) —th block column of A, and C}, respectively, and
the dimensions of £(k), A, B, Cy are (n+dm)x 1, (n+dm)x (n+dm), (n+dm)xp
and r X (n + dm), respectively.

Under the state feedback u(k) = Fa(k), for a given constant time delay dj, = d, it is
well known that the cost of (4.3) is in fact the square of the Hy norm of the system
(3J). Hence, the time delay Hs control problem becomes the problem of designing a

state feedback control gain F' such that the closed-loop system (X)) is stable and its

H; norm is minimized.

If delay dj, is a constant, the system (X) will be time-invariant (4, = A, Cj, = C),

the Hs norm square of the system can be computed as [103]
1G(2)||3 = tr(BTL,B) = tr(CL.C") (4.5)
where L. and L, are the reachability and observability Gramians

ATL,A— L, +CTC =0, (4.6)

ALA" — L.+ BB" =0. (4.7)

When dj, is time-variant, A; and Cj will be time-variant. In this case, we have the

following result.

Theorem 4.3.1. Given the system (X) with time-varying Ay, and Cy, the following
hold [5]:

(a) If the system (X) is exponentially stable, then
1 - _
1215 = Jim <> tr[CiLe(k)CY] (4.8)
k=1

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

4.3 Design of Robust State-feedback H, Controller 63

where L. satisfies the following difference Lyapunov equation

L.(k+1) = Ay L.(k)A; + BB", L.(0)=0. (4.9)

(b) If there exist bounded matrices P, Q, W and a scalar v such that for i =

1,2, -+ .d
P—BBT A
> 0, (4.10)
Al Q
WG]
. > 0, (4.11)
&r g
tr(W) < ~2 (4.12)
PQ = 1, (4.13)
where

(i+1)—th block

~~
A 0 - Bo e 0 0
F 0 --- 0 e 0 0
A=y 1, 0 0 0 | (4.14)
o 0 --- 0 oo I, 0
. (i+1)—th block
= ~~
CG=\lco ... o0 D 0 - 0 ) (4.15)
then the system (X) is exponentially stable and
1] < 7. (4.16)
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In this situation, a suitable state feedback controller is

u(k) = Fx(k). (4.17)

Proof: (a) In view of [5], define L.(k) = E[¢(k)¢T (k).

Lk +1) = E[¢(k+ 1" (k+1)
= B{[A&(k) + Bu(k)][A&(k) + Buw(k)]"}
= B[Ag(k)E" (k)AL + BB"

= A,L.(k)AL + BB". (4.18)

From the definition of the Hy norm,

2 : 1 - T
=15 = NhjnooE(sz <k>z<k>>

. 1 * ~T
= lim NZtr(ckLc(k)Ck). (4.19)

(b) It can be easily known that if there exist constant matrices P and W such that

fork=1,2,---
P—BBT AP
- > 0, (4.20)
PAT P
W CpP
_ > 0, (4.21)
PCF P
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then

P> A,PAL + BB,

Since L.(0) = 0 and P is positive definite, we have that L.(k) < P and
L
2 .
I1%])2 < ]}%N;tr(m. (4.22)

Moreover, Ay € {A;}, Cp € {C;}, i =1,2,--- ,d. From (4.10) and (4.11), we have
that for all &

P— BBT AP
- > 0, (4.23)

PA% P

W CLP
~ > 0. (4.24)

PC,? P

Then
1L _
918 = i 5350 (Cere)CE)

N—oo N

N
1 L
< lim =Y tr (C.PCY)
k=1
< tr(W). O
Remark 4.3.1. The state-feedback control problem can be extended to static output

feedback control problem. In this case, F' in A; will be replaced by FH where H 1s

the output matriz, i.e. y(k) = Hx(k).

Note, however, that (4.10)-(4.13) do not constitute a convex optimization due to the

equality constraint (4.13) which is bilinear in P and . Although no global solution
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is available for the bilinear problem, some useful algorithms have been proposed; see
e.g. [27,46]. In [27], the above constrained non-convex optimization is formulated

as:

min tr(QP) (4.25)

subject to LMIs (4.10) — (4.12) and (4.26)
P 1

> 0, (4.27)
I Q

The above optimization solves the bilinear problem (4.10)-(4.13) if and only if the
minimum solution of tr(QP) = n+dm. We should also observe that F is embedded
in flz and C’Z

To find an optimal robust H, controller, minimization of 42 is to be carried out.
From the description above, we need to minimize both tr(W) and tr(QP). By

extending the sequential linear programming matrix method (SLPMM) in [46], we

propose the following procedure for the optimization.

Algorithm 4.3.1. 1. Given a positive scalar v, solve the semi-definite programming
problem (SDP) (4.10)-(4.12) and (4.27) for an initial (P°, Q°, W° F°) and set
k = 0. Note that if the SDP does not admit a solution, increase v until a feasible
solution subject to LMIs (4.10)-(4.12) exists.

2. Solve the following LMI problem for the variables P, @), W, F' :

min tr(P*Q + PQ")

subject to LM 1s(4.10) — (4.12).

Set P11 = P, Q1 = Q.
3. 1If a stopping criterion is satisfied, say k = kpaz, here kpnq. 1s the largest iteration

we choose, then exit. Otherwise, set k =k + 1 and go to step 2.
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On the other hand, smaller v means better Hy performance, so we are interested in

the following minimization problem:

» guvr[l/ F)% subject to (4.10) — (4.13). (4.28)

We can define the following multi-objective programming problem:

» gnvr[l/ . tr(PQ) + tr(W), subject to (4.10), (4.11) and (4.27).

Algorithm 4.3.2. (SLPMM [46])
1. Find (P°, Q°, W°, F°) that satisfy (4.10), (4.11) and (4.27).
Fork=1,2,..., do

2. Determine (U* V¥ ZF H*) as the solution of

» guvrll/ . tr(PQ* + P*Q) + tr(W), subject to (4.10), (4.11) and (4.27).

8. If tr(URQF + P*VF) 4 tr(Z%) = 2 tr(P*QF) + tr(WF), then stop.

4. Compute 5 € [0, 1] by solving

i, tr[(P*+ BU* — PO)Q + B(VF — QF) + (WF + 5(Z" — WH)).

5. Set PM = (1 — B)P* 4 BU*, Q" = (1 — B)Q*F + pV*, WH = (1 — B)W*k 4
BZk, Fk1 = H* go to Step 2.

Theorem 4.3.2. If the delay dy. is known and there exist matrices P;, Q;, W; (i =
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1,2,---,d) and scalar v such that
P, — BBT A,
B > 0 (4.29)
AT Qi
W, ¢l
R > 0 (4.30)
&r Q)
tr(Wy) < o (4.31)
P’LQ’L = -[7 i7j:1727 "'761 (432)

where A;, C; are defined in (4.14) and (4.15), then the system () is exponentially

stable and

1]z <7

In this situation, a suitable controller can be

Proof: In view of (4.32), it follows from (4.29)-(4.30) that
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Hence, for any k, there exist bounded matrix sequences P(k), W (k) such that

P+~ BET APH)] (4.37)
P(k)AL P(k) | | |
W(k} CiyP(k) > 0, (4.38)
P(k)CE  P(k) |

where Ak = Adk € {AZ}, C_’k = édk € {él} and P(k‘) = Pdk7 dp € {1,2,--- ,CZ}

According to [5], we know that the system (X) is exponentially stable and
L
2 - 2
1Z]l2 < lim ;?1 trW(k)] <~

Remark 4.3.2. Theorem 4.53.2 is obuviously less conservative than Theorem 4.5.1 as

when setting P, =P and W; =W, i=1,2,--- ,d, the former reduces to the latter.

4.4 Application in Congestion Control in ATM

Networks

4.4.1 ATM Network Congestion Control Model

A mathematical model of congestion control in ATM (asynchronous transfer mode)
is taken from [2]. The ABR source is the only traffic class which responds to feedback
information for the node for rate adjustment to prevent network congestion and to
maintain quality of service (QoS) to all connections. The feedback information is
the available transmission capacity (bandwidth) and queue level at the bottleneck
node. Since the available node capacity for the ABR source changes over time in
an unpredictable way due to the higher priority sources, the CBR (constant bit

rate) and VBR (variable bit rate) source rates are represented as interferences. In
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this section, without causing confusion, we adopt similar notations of ATM network
model as in [2] where the subscript represents time instant. Let (, denote the higher
priority source (interference) which is modelled as a stable ARMA process [3]. Such
a formulation allows for long-range correlated traffic. Let g, be the queue length
at the bottleneck and p the effective service rate available for the traffic of the
given source in that link at the beginning of the kth time slot. Let r; denote the
effective source rate measured at the congestion switch. Without loss of generality,
we consider the case of single connection. Therefore, the queue length equation is
given by

Qk+1 = Qk + Tk — [k (4.39)

The effective service rate is modelled as

pe = pt G (4.40)
p1

Cht1 = ZliCkeri-i‘/)wk, (4.41)
=1

where g is the constant nominal service rate and {l;};—1 2.... », are known parameters.
{wy }r>1 1s a zero-mean i.i.d. Gaussian sequence with unit variance and p is a known
constant. We assume that there is no cell loss and let u; denote explicit cell rate
(ER) calculated by switch. The delay between uy and ry is d which is the round
trip delay. dj consists of two path delays, one is return path delay and the other
is forward path delay. On the return path RM cells travel from the switch to the
source. On the forward path the user data travels from the source through the
congested switch. In ATM network, packet delays, transmission delays, processing
delays and queueing delays exist in transmission on the both paths and the queuing
delay is dominant [79]. Actually the two paths are one single communication link
and hence the round trip delay dj can be considered. The relationship between uy
and 7 can be expressed as

T = Uk—d, (442)
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where dj, is known to be bounded with upper bound d.

In the case when dj is known, i.e. the explicit ER is time-stamped, we formulate
the congestion control problem as an LQG stochastic control problem [3], that is,

we seek a feedback control uy = (g, 1) that minimizes the cost

N
o1
J = lim =B {;uqk — qa)? + Ny — m} (4.43)
where ¢4 is the target queue length and X is a weighting factor. It is clear that the

objective is to make the queue buffer close to the desired level while the difference

between the source rate and the service rate should not be too large.

The above criterion combines the performance of queue length and accumulation of
the difference between switch input and output. We should note that round trip
delay in transmission is one reason of the disagreement between the switch input

and output.

In the case when the delay dj is not known, we shall be concerned with designing
a controller that minimizes an upper bound of (4.43) for all possible time-varying

uncertainties within the bound of d.

Observe that the above criterion does not consider the saturation in queue buffer

and service rate. We shall address this issue later.

Remark 4.4.1. In [36], an Hy, control approach is adopted where wy is assumed
to an energy bounded deterministic signal. While quaranteeing the worst-case per-

formance, the Hy, approach is generally conservative.

Remark 4.4.2. In the multi-source case, the control objective becomes finding inputs

Tik SO as to minimize

N—oo
k=1 =1
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where M, N, 7Tig, a; are respectively the number of sources, weighting, effective
source rate for source v and share of input bandwidth of the i-th source & a; =
1). If we consider fair sharing of available bandwidth, we can simply deﬁzr;zl a; =
1/M, i =1,2,--- M. There will be jitter in queue length when new sources add
in the congested switch. The reason is that RM cells come back to different sources

with different delays. See the examples in Section 4.4.2. In spite of the jitter, the

fair sharing of bandwidth is still a good scheme for its simplicity in application.

Denote

qk — qd
,[L'(k‘) _ C/C-l—l—pl ’
Cr
wk —di) = Up—q, —p ="k — 1,
z(k) _ qk — qd
)\(Tk - Mk)

Then, the system (4.39)-(4.42) can be rewritten as (4.1)-(4.2), where 0 < d; < d,
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w(k) = wy, is a white noise with unit variance, and

1 0 0 0 -1
0 0 1 0 0
0 0 0 1 0
A - )
0 0 0 0 R |
0 lpl lm—l ZP1—2 l i
T
T
BQ - |:1 0 Oi| )
1 00 0
C = )
0 00 A
T
.

Obviously, (4.43) can be written as (4.3).

We assume that each ABR source is both compliant and greedy, which implies that

a command received from the congested switch is immediately executed.

In Theorems 4.3.1 and 4.3.2, we present an approach that achieves a guaranteed H,
performance. So, we can use the result of the previous section to solve the congestion
control problem. And a model of effective service rate is used, which can give rise to
better performance of congestion control. It is worth highlighting that the sampling
period of controller is larger than the RM cell spacing, there is plenty of time to

perform the required computation [79].

Remark 4.4.3. In the multi-source case, one switch needs to allocate bandwidths
for a lot of users and information may experience different delays for each user. It

15 a big burden to design different state feedback controller for each user, to make
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it even worse, the number of users is changing. Here, one single fixed controller is
designed to deal with this problem. We apply the same state feedback for each user,
namely, u;j(k) = fjFx(k), j =1,2,--- .M, here M is the number of inputs, F is

the same as in Theorem 4.3.1 and the system is

p(k+1) = Ax(k)+ By ui(k — d}) + Byw(k), (4.45)
2(k) = Ca(k)+ DY u(k—d) (4.46)

where Zj\il fi=1/f2>0,7=12,--- M, f; is the bandwidth share of each user

and di is the delay of input j. Substitute the state feedback control in the system

p(k+1) = Av(k)+ By Y fiFx(k — ) + Biw(k), (4.47)
2(k) = Cax(k)+ D) fiFu(k—d). (4.48)

After state augmentation, we get

P—BB" A,] v [p_pBT A
: = > Ll . >0, (4.49)
Ax Q =1 | A Q
WGyl o o @
) = > fi|l. > 0. (4.50)
ct Q | j=1 _C,]gT Q

(4.51)

From the description above, we know in the multi-input case, state feedback controller
uj(k) = f;Fz(k), j =1,2,--- , M can achieve the required Hy performance for the
system. Note that f;,j =1,2,--- , M can be treated as weights of the source, in the

later congestion control simulation, we define f; =1/M,j=1,2,--- M.
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On the other hand, saturation exists in sources and switch because of limited avail-

able bandwidth and queue buffer. Saturation can affect the efficiency of congestion

control, so it should be taken into consideration. However, since the system we

are dealing with is stochastic with white Gaussian noise inputs, it makes sense to

discuss the saturation problem in terms of probability. It is well known that for a

Gaussian random variable 7 with zero mean and variance o2,

Pr(n < 3c) =0.985

where Pr means probability.
Assume that the upper bound of source rate is 7, that is
e = sat(ug—q, ),
0, Zf Uk—qay, < 0

sat(Uk-a,) =  Up_a,, if 0<upg, <T

T, Zf < Uk —dy, -

Observe that

(4.52)

(4.53)

(4.54)

(4.55)

where £(k) is a stochastic process with covariance L.(k) = E[¢(k)ET (k)] and L (k) <

P. Under the condition that the system is stable, if

I

0 F—M
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then the probability that

is 0.985.

Note that (4.56) can be also expressed as

(F=w?*/9 FlL, 0 - 0]
L,
>0 4.58
0| pr 0 > (4.58)
0

where PQ) = I.

Similarly, assume that the upper bound of queue buffer is g. We have that

Gk — qa = :1 0o --- 0: x(k) (4.59)
_ :1 0 ... 0: I, 0 - 0]5(@ (4.60)
= 10 - ofem). (4.61)
Then, if
(ci—_qc_z)2/9 [1 0 0]
1
0 >0, (4.62)
Q
_O_

then the probability that
qr < q (463)
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is 0.985.

4.4.2 Simulation Studies

Firstly, we consider a congested switch with one source. We adopt the similar

parameters as given by [79].

The bandwidth available for ABR traffic by = 1500 cells/s.

The maximum rate Ry 0. = 2by = 3000 cells/s.

The buffer length ¢ = 10000 cells/s.

The buffer set point ¢o = (1/2)Ymaz = 5000 cells.

The controller cycle time 7' =1 ms.

The maximum delay on the path m = 10ms (including delay in the forward and

backward paths).

Here, the delay is unknown and time-varying. We assume that the link capacity
is a 2" order auto-regressive (AR) process with parameters l; = I, = 0.4 and the
driving zero-mean Gaussian white noise process has a variance equal to 1 [79]. By
using the LMI toolbox of the MATLAB package and Algorithm 4.3.1, the following

feedback controller is obtained with a chosen v = 3.25:

F =[-0.0114 0.1210 0.1379].

Figure 4.1 shows the buffer occupancy trajectory for time-variant return path delays
between 0 and 9 ms, while keeping VBR delays in the forward path fixed at 1 ms.
The desired equilibrium at g; = 5000 cells is clearly maintained. Figure 4.2 shows

the control signal u(k) calculated by the switch.

Further, we will consider a more realistic example, with 100 sources feeding into the

same congested switch and the system starts at the equilibrium. We use the same
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Figure 4.1: Buffer-level vs time.

parameters as in the previous example, and fix the delay in the forward path to be

1 ms.

Since the same controller that stabilizes one source stabilizes multiple sources, the
same controller, F' = [—0.0114 0.1210 0.1379] will be used (see Remark 4.4.3). Ten
additional sources join in the network sequentially at 200-ms intervals. The results
of the simulation are shown in Figure 4.3 and Figure 4.4. Figure 4.3 shows the result
under the condition of constant bandwidth. As each source joins the switch, a small
glitch can be observed. This is the effect of delays in updating the weights. When
a new source is connected, the switch will compute new weights and send them to
the sources. However, the updated weights and the reaction of the sources to those
updated weights are delayed and therefore, for a brief period of time, the sum of
the weights may not be equal to one. After all switches are updated, the control

scheme kicks in and brings the buffer to the desired set point. After considering the
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Figure 4.2: Control Signal.

random nature of the bandwidth available, that is

Cer1 = 0.4 +0.4CG 1 + wy,

where wy, is a white gaussian noise, the result is shown in Figure 4.4.

When buffer length is near to the buffer set point, saturation may happen during
transmission. We assume the buffer length ¢ = 5050 cells/s and we want the
probability of the queue length saturation is below 0.015. By incorporating (4.62)

in the optimization, the optimal state feedback gain is

F=1-00117 0.1198 0.1382( .

We carry out 50 simulations and compute the total number of instants where queue
buffer is saturated. Figure 4.5 is the result of one simulation, where dash line
is the result of the design where the upper bound of queue length is taken into

consideration and solid line is the result without considering the upper bound of
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Figure 4.3: Buffer-level vs time.

queue length. Figure 4.6 shows the control signal u(k) of one source calculated by
switch, the curve is step-wise. The result shows that the total number of saturation
points for the case when buffer saturation is not considered in congestion control
design is 1926 in the 50 simulations. The number is reduced to 1758 when the buffer
saturation limit is considered and the percentage of the number of the unsaturated

times over total number of times

b t ted ti
number of unsaturated times oo o000

total sampling points

is very near to the theoretical value of 98.5%.

4.5 Conclusion

This chapter studied the Hs control problem for systems with time-delay in input
and its applications in congestion control of ATM network. State augmentation was
applied to convert the delay problem into a delay-free control problem for systems

with parameter uncertainties. An optimization approach for solving bilinear ma-
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Figure 4.4: Buffer-level vs time.

trix inequalities was proposed and a controller with a guaranteed H, performance
was derived. The congestion control of ATM network has been formulated as an
Hy control problem for linear systems with delays and solved using the proposed
H, control design. An example was given to demonstrate the effectiveness of the

controller.
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Chapter 5

H, Control for Systems with

Time-variant Input Delay

5.1 Introduction

In the last chapter, we have discussed the state feedback H, control problem for
systems with time delay in input. In this chapter, we will continue to study the

state feedback H., control problem for the same system.

There have been extensive studies on stability of time-delay systems in the past
decade [21,94]. Existing results based on Lyapunov-Krasovskii functionals can be
classified into delay independent [21] and delay dependent [8,12,24,47]|. Delay
independent results imply that the stability of the system is guaranteed regardless
the delay. Delay dependent results have been given for both unknown constant
delay [14,47,94] and time-varying bounded delay [8,12,24]. In addition to stability,
Hy and H,, performances have also been studied. To the best of our knowledge,
most of the works are discussed for continuous-time systems. In this chapter, we

will discuss the H., control problem for discrete-time systems.
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In this chapter, we discuss systems with unknown time-variant but bounded delay.
A state feedback delay-dependent H,., controller is derived by a proper choice of
Lyapunov-Krasovskii functional. A controller with guaranteed H,, performance is

given in terms of LMIs.

We also apply our approach to congestion control in ATM networks. The math-
ematical model of the problem description and assumptions are adopted from [2]
with the following modifications: (i) the time invariant delays in [2,3] are now time-
variant; (ii) the zero-mean i.i.d noise introduced in the AR model for the description
of stochastic available bandwidth is now replaced with an energy bounded noise.
These modifications allows wider class of modelling errors that are more realistic.
Based on the assumption that wj in the higher priority source’s IIR model is an
energy bounded deterministic signal in ATM networks, we can model the congestion

control problem as an H., control problem.

5.2 Problem Statement

Consider the input delay system

v(k+1) = Ax(k)+ Byu(k — di) + Byw(k) (5.1)

z2(k) = Ciz(k) + Dou(k — di) + Dyw(k) (5.2)

where z(k) € R", u(k) € R™, w(k) € RP are system state, control input and ex-
ogenous output(noise), respectively. dj is an unknown time-variant delay satisfying

0 < di, < d with known upper bound d.
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Consider a state feedback controller u(k) = Fx(k). Then, the closed-loop system is

z(k+1) = Ax(k) + BoFa(k — dy) + Byw(k),
z2(k) = Cix(k) + DaFx(k — dy) + Dyw(k).

(5.3)

The H., control problem can be described as:
Find an appropriate controller u(k) = F(x(k)), so that the closed-loop system is

asymptotically stable and satisfies

[[2]]2 < [w]]2 (5.4)

for any non-zero w € €3]0, 00) under zero initial condition (x(k) =0, —dy < k <0),

where v > 0 is a given scalar.

5.3 Design of State-feedback H,, Controller

Before dealing with the above H., control problem, we first consider the stability of

the unforced system

x(k+1) = Az (k) + Ajx(k — dy) (5.5)

where 0 < dj, < d. The following gives a sufficient condition for the stability of

(5.5).

Lemma 5.3.1. The system (5.5) is asymptotically stable for any 0 < di, < d if there
exist matrices P >0, Q >0, S, R and Z such that

T T S R
=1 7| <o >0 (5.6)
* 29 RT 7
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where
i = ATPA—P+dS+R+R"+dQ+dA-1)"Z(A-1),
T2 — ATPAl + CZ(A - ])TZAl - R,
99 — A?(P‘F(jZ)Al —Q.
Proof: Define a Lyapunov functional candidate as
V(k) = Vi(k) + Va(k) + Va(k) + Va(k), (5.7)
where
Vi(k) = a'(k)Pa(k),
-1 k
Vo(k) = > A" (i) ZAx(),
j=—di=k+j+1
k—1
Valk) = ) " ()Qx(i),
i=k—dy,
-1 k=1
Vitk) = >, Y 2T(0)Qx()
O=—dt11=k+0
and Azx(i) = z(i) —x(i — 1).
Observe that
k
w(k)—x(k—dy) = Y Ax(i).
i=k—di+1
Then,
k
z(k+1) = (A+A)x(k) — A Z Ax(i) = (A+ Ay)z(k) — Arg.(k)
i=k—dp+1
where g, (k) = Ef:k_dkﬂ Ax(i).
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Hence,

AVi(K) = Vilk+1) = Vi(k)
= [ (k)(A+A)" — g, (R)AT|P[(A + Ap)a(k) — Aiga(k)] — 2* (k) Px(k)

= 2T(R)[(A+ A)TP(A+ Ay) — Pla(k) — 227 (k) (A + A1) PAyg, (k)
95 (k)AL P Arge (k). (5-8)

By taking into account (5.6),

—22" (k)(A+ A1) " PA g, (k)

. (k) S R\ [ x(k) i
< —.TTIC A Al TPAl Ax(k
- i:kzkorl (Aaz(z)) (RT Z) (Aw(z)) A+ A z‘:kzdk+1 "
= > [a"(k)Sx(k) + 22" (k) RAz(i) + Ax" (i) ZAx(i)]
k
—a"(k)(A+ A)TPA, > Ax(k)
i=k—dp+1
= dpxT (k)Sz(k) + 22T (k)[R — (A+ A)TPA,] Z A (i
k
+ Y A2T(i)ZAx(i)
i=k—dp+1
< dz"(k)Sz(k) + 227 (k)[R — (A+ A)T Z Az (i
k
+ Z Az (i) ZAx(i).
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Also,

AVa(k) = Va(k+1) — Va(k)

k
= dA2"(k+ 1)ZAx(k+1)— Y Aa"(i)ZAx(i)
i=k—d+1
= d(A-TDa(k) + Ak — dp))"Z[(A - Da(k) + Az(k — dy)]
— > AL"(i)ZAx(), (5.9)

i=k—d+1

AVs(k) = Vi(k+1) = Vs(k)

< 27 (k)Qux(k) — 27 (k — dp)Qu(k — dy,) + i _xT(l)Qx(l),(&lO)
and
k-1
AV = (@- DT RQeh) — S A 1)Qu(). (5.11)
I=k—d+1

It then follows from (5.8)-(5.11) that along the state trajectory of (5.5),

AV(k) = V(k+1) = V(k) = AVi(k) + AVa(k) + AVa(k) + AVi(k)
l'(k) 711 712 fﬂ(k)

z(k — dy) x  moo| |x(k —dy)

IA

Therefore, the system is robustly stable for any 0 < dj, < d if 7 < 0. This completes
the proof. O
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Next, we consider the H,., performance problem for the system

z(k+1) = Ax(k)+ Ajz(k —dy) + Biw(k), (5.12)

z2(k) = Cix(k)+ Erx(k — di) + Dyw(k), (5.13)

where w € £5[0,00) and 1 < dp < d. Given a scalar v > 0, the system is said to
have the H,, performance v if the system is asymptotically stable and under zero

initial condition (z(k) =0, —dy <k <0),

[l2ll2 < Allwll2

for any non-zero w and 1 < dy < d.

Theorem 5.3.1. Given a scalar v > 0 , the system (5.12)-(5.13) has the Hu
performance 7y if there exist matrices P, Q, S, R and Z such that the following matriz

iequalities hold:

M —R 0 ATp CZ(A -NTz of
« —Q 0 ATP  JATz DT
« x —~2] BTP dBT 7 ET
= . ' o< oo, (5.14)
* * * —-P 0 0
* * * * —dZ 0
* * * * * -1
S R]
> 0, (5.15)
RT Z_
where
M =—P+dS+ R+ R"+dQ. (5.16)
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Proof: In fact, it is easy to verify that along the state trajectory of (5.12)-(5.13),

T
AV (k) + 2" (k)z(k) — Y0 (k)w(k) < |2k —dy)| T |z(k — dy)
w(k) w(k)
where
T+ CIC, mo+CTE, ATPB, +d(A—-1)TZB, + CI'D,
Fl = * 992 -+ E?El Ar{pBl + CZA{ZBl + E?Dl

* * BTPB, +dBTZB, + DI D, — 421

and 71, w2 and my are as in (5.6). By the Schur complement, we know that
I'y <0 if and only if (5.14) holds. Further, (5.6) is implied by (5.14)-(5.15). Thus,

(5.14)-(5.15) implies the stability of the system and

AV (k) + 27 (k)2(k) — v*w” (k)w(k) < 0, Y(z(k), z(k — di),w(k)) # 0.

That is, ||z]]2 < v||w]||2 by considering the zero initial condition. This completes the

proof.

We now apply Theorem 5.3.1 to the system (5.3). Then, the system (5.3) has the
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H, performance ~ if

M —-R 0 ATP  d(A-DNTz CF
x —Q 0 F'BI'pP dr'BYz FTDY
x x —2I BIP dBTZ ET
! ! ! o<, (5.17)
x ok * —-P 0 0
* * * * —dZ 0
* * * * * —I
S R
>0, (5.18)
RT Z

where
M=—-P+dS+ R+ R +4dQ.

Pre- and post-multiply (5.17) by diag{P~', P~', I, P~ I, I} and diag{P~*, P71, I, P7', I I}

and let
S=prP'SPp', R=P'RP', Y=P ', H=7"' Q=P 'QP "

It results that

M —R 0 YAT dy(A-DT vCT
« —Q 0 LBT dLBT  LDT

x x —~2] BT aBr DT
! ? 2 <o (5.19)
* * * -Y 0 0
* * * * —dH 0
* * * * * —1I
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where

L=YF' M=-Y +dS+ R+ R"+dQ.

Also, multiply (5.18) from the left and the right by diag{ P~!, P~'} and diag{P~', P},

respectively. We get

Pt 0 | |S R[|P' O S R
= | > 0. (5.20)
0o P |RT Z 0o pP! RT YH Y
Note that (Y — H)H (Y — H) > 0,ie. YH 'Y >2Y — H . Hence, (5.20) can be

implied by

S R

_ > 0. (5.21)
RT 2Y — H

Therefore, the system (5.3) has the H., performance 7 if the LMIs (5.19) and (5.21)
admit a solution (S, R,Q, H,Y,L,Z). In this situation, a suitable state feedback

gain is given by

F=L"Y"" (5.22)

In the following section, we shall apply this result to design H., congestion control

laws.
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5.4 Simulation Studies for Congestion Control in

ATM Networks

In this section, we revisit the ATM congestion control model in Section 4.4.1. As-
sume that wy is an energy bounded deterministic signal instead of a white Gaussian
noise with known statistics, then the congestion control problem can be formulated
as an H,, control problem. The objective is to achieve both the system stability

and the performance index

Sitalloe = a0 + V(=) _ (5.23)

Js = sup
T o D he1 Wi

for some pre-specified v > 0 , where ¢4 is the desired queue length, X is a constant
and w € (5[0, 00). The first term of the numerator represents a penalty for deviating
from a desired queue length. The second term is a measure of the quality with which
the input rate tracks the available link capacity, and A is the weighting to balance

the importance of these two terms.

Introduce

'T(k) = [(qk - qd)7 Ck-&-l—pp T 7Ck]T7

u(k) = up — p,

(5.24)

and let z1(k) = qx — qua, 22(k) = rp — i, = ug—a, — (. - The congestion control system
can be put into the form (5.1)-(5.2) with 0 < d;, < d where d is known upper bound

and
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1 0 0 0 -1
0 0 1 0 0
0 0 0 r - 0
A= 1 . _ e (5.25)
0 0 0 0 1
_O lpl lplfl lp1*2 ll ]
T
By, = [1 000 --- 0] , (5.26)
T
B, = [0 000 --- 0] , (5.27)
1 000 0
Cl = y (528)
0000 —e
T
D, = o ¢ . (5.29)
T
D, = [0 o} . (5.30)

5.4.1 Single Source Case

Using the parameters of the simulation of the last chapter except the assumption
that in this chapter w € £5]0, 00) is energy bounded. By using the LMI toolbox of
the MATLAB package, the following feedback controller is obtained:

v =9500, F=1-0.0396 0.1827 0.0608] -

Let the sum of return and forward delay vary between 0 and 10 ms. The buffer level
response is shown in Figure 5.1 and the corresponding control signal u(k) calculated

by switch is shown in Figure 5.2.

Clearly the system has reached and maintained the equilibrium g; = 5000 cells
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Figure 5.1: Buffer level ¢(k) with single source connection time-variant delay ran-
domly varying between 0 and 10 ms.

nicely under the random disturbance of other high priority traffic. The transient

response result is quite similar to [79].

5.4.2 Multiple Sources Case

In this subsection, we will discuss the case when there are multiple sources in
the ATM networks. The example is similar to the multiple source example used
in [79]. We assume that there are 100 sources feeding into the same congested
switch. We will use the same parameters as in the single source example. The
maximum delay among all connections is 10 ms with each connection’s delay vary-
ing randomly between 0 and 10 ms. Since the same controller that stabilizes one

source stabilizes multiple sources [79] (see also Remark 4.4.3), the same controller

gain F'=|-0.0396 0.1827 0.0608] will be used.

The system starts at equilibrium with 100 sources feeding into the congested switch.

Then ten additional sources join in sequentially at 200-ms intervals. The results of
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Figure 5.2: Control Signal.

this simulation are shown in Figure 5.3 and Figure 5.4. Figure 5.3 shows the result
under the condition of constant bandwidth. There is a small glitch when a new
source joins the switch. This is the effect of delays in updating the weight, which is

very similar to the result in [79)].

In the above simulations, we only consider the situation when w; = 0 in the IIR
model. Now we consider the random nature of the bandwidth available, that is, wy
is a white Gaussian noise and the simulation is shown in Figure 5.4. The buffer
level clearly keeps tracking the equilibrium with small fluctuations to compensate
for the random fluctuations in the bandwidth available. The control signal u(k)
of one source calculated by the switch is shown in Figure 5.5. The curve is step-
wise and jumps happen at the moment when new source joins in the network. The

simulations can demonstrate the promising robust performance of the controller.
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Figure 5.3: Buffer level ¢(k) as ten additional sources join the congested switch
sequentially at 200-ms intervals. The bandwidth available is a constant.

5.5 Conclusion

This chapter has discussed the delay-dependent H,, control problem for systems
with time-variant input delay. State feedback control is considered and a Lyapunov
Krasovskii functional is introduced to provide a sufficient condition for the stability
as well as the H,, performance of the closed-loop system. As an important appli-
cation, the issue of ATM network congestion control with explicit rate feedback has
been discussed. The ATM network is modelled as a system with time delay in input

and we study the performance control under an H,, criterion.
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Figure 5.4: Buffer level ¢(k) as ten additional sources join the congested switch
sequentially at 200-ms intervals. The bandwidth available is a function of nominal
value 1500 plus a 2" order AR disturbance process.
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Figure 5.5: Control Signal.
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Chapter 6

Linear Quadratic Gaussian

Control for Linear Systems with

Multiple 1/0O Delays

6.1 Introduction

In this chapter and Chapter 7, we shall discuss linear systems with multiple input
delays. Different from the last two chapters, the study here is limited to systems

with time-invariant and known delays.

Since the introduction of Smith predictor [80], there have been a lot of works on
optimal control for systems with 1/O delays [7,33,83]. In recent years, multiple

time-delay issues have attracted significant research interest.

The LQG (Hs) control problem for systems with multiple input delays can be dis-
cussed in frequency domain and time domain. Most of the works are for continuous-
time systems. Grimble and Hearns [33], Moelja, Meinsma and Kuipers [62] solve the

LQG problem in frequency domain. Mirkin et al. [55] [57] solve the Hy control by

99
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extracting Smith predictor and observer-predictor from the system model. Moelja
and Meinsma [61] provide a solution by converting the H, optimal problem to an

equivalent Hs regulator one and tackling the regulator problem in time domain.

Compared to state feedback control, output feedback control needs state estima-
tion, when there are delays in the observers, the difficulty aggregates. When the
observations are multiple delay dependent, Kalman filter cannot be applied directly.
Nagpal and Ravi [67] solve the continuous-time H, control and estimation problem
with single delay in measurement. In the work of Shaked and de Souza [76], H
control for systems with single delayed measurement is discussed, however, only a
sufficient stability condition is provided. Moelja and Meinsma [61] give a solution
for the Hs optimal control for continuous-time systems with multiple i/o delays,
nevertheless, the solution is not explicit in the multiple delay case and the result
is derived under some extra assumptions. In [102], the H., filtering problem for

continuous-time systems with single measurement delay is discussed.

In this chapter, we focus on the finite horizon LQG (H3) problem for discrete-time
systems with multiple input/output delays based on the LQR result in Zhang et
al. [97]. We adopt the approach of reorganized innovation analysis [50]. A separation
principle is established which converts the problem into an LQR control and an Hy
filtering problems. We address the LQR problem using the duality between the
LQR problem for systems with multiple input delays and a smoothing problem
for a backward stochastic delay-free system combining the LQR result with the
Kalman filter for systems with measurement delays, a solution to the LQG problem
is given. Compared with the state augmentation approach, our result is economic in
computation where only two Riccati equations are needed and they have the same

dimension with the original system (ignoring the delays).
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6.2 Problem Statement

We consider the following discrete linear system with multiple input delays

l

w(k+1) = Az(k)+ > Bui(k —hi) +w(k), 1 >1, (6.1)
Yo (k) = Cuz(k— Zii) +ue(k), 1=0,---,1, (6.2)

where z(k) € R", u;(k) € R™ y;(k) € R4, w(k) € RP, v;(k) € R%, and

(0) z(0) I, 0 0
< w(k> ) w(s) > = 0 Qw(sk’,s 0 ) (6 3)
U(@)(k) U(T) (8) 0 0 Qv(i) 5k,s
17 k = S?
where d; , =
0, k#s.

Without loss of generality, we assume that 0 = hg < hy < --- < by and 0 = dy <

di < ---<d.

Let y(k) be the observation of system (6.2) at time k, then y(k) is given by

Yoy (k)
) di—l S k< di7
A Y(i-1) (k)
y(k) = - (6.4)
Yo (k)
: ) k Z dl
L Lvo (k)

The measurement-feedback control problem can now be stated as follows.

Find the input sequences {u;(k) = F;(y(0),--- ,y(k)} (i =0,---,1) such that the
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cost function

N—h; N

ul (k) Raug(k) + ) 2" (k)Qu (k)] (6.5)

k=0

l —
Jv = Elrk Pyviitnyl +

N = N+14N+14N+1
i=0 k=

o

18 minimaized.

In the above, E is the mathematical expectation with respect to the random noises
w and v, N > hy is an integer, xy41 is the terminal state, i.e. xy41 = (N + 1),
Pyy1 = PL +1 = O reflects the penalty on the terminal state, the matrices as R;, 1 =

0,1, ---, [, are positive definite and the matrix () is non-negative definite.

6.3 Solution to the LQG control

We first present the Kalman filtering formulation for the system (6.1)-(6.2). Suppose
that Z(k+1 | k+1) is the optimal estimation of state z(k+1) given the measurements

of y(0),--- ,y(k+ 1). Then, by projection formula, it follows that

!
Bk+1]k+1) = A2(k|k)+ Y Bui(k— hy)
=0

+Ha(k+1), w(k+1)Q;' (k+Dw(k+1),  (6.6)
where w(k + 1) is the innovation of the measurement y(k + 1), i.e.,
wk+1)=ylk+1)—glk+1]k),

while y(k + 1 | k) is the optimal linear estimation of y(k + 1) based on the mea-

surements y(0), - - ,y(k) and Qz(k + 1) is the covariance matrix of the innovation
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w(k 4+ 1). For the convenience of discussion, denote
K(k) = (z(k+1), w(k+1)) Qg (k+1). (6.7)
Then, it follows from (6.6) that

Bk+1|k+1) = Ai(k|k)+ ) Ba(k—h)+ K(kyw(k+1). (6.8)

1=0

Note that w(k) is a white noise with zero mean and covariance matrix of Q4 (k).

Remark 6.3.1. (6.8) has a similar form as the standard Kalman filtering formu-
lation, however, since the measurements are with multiple delays, there is no direct
way to calculate the gain matriz of K(k) as in the standard Kalman filtering where
the gain matriz is computed by performing one Riccati equation. We shall present

the approach of reorganized innovation analysis to solve the Hy filtering problem.

6.3.1 Optimal Measurement Feedback Controller

In this subsection, we will derive the measurement feedback controller. Firstly, let
T(k | k) = x(k) — &(k | k), (6.9)

where z(k | k) is the optimal filter of (6.8). It is obvious that Z(k | k), the filtering
error, is uncorrelated with Z(k | k). By some simple algebraic evaluations, we obtain

that

Iy = Jy + Jx, (6.10)
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where

| N—h;
0o _ T R
In = E|Zypna PNa@niine + Z ul (k) Ryu; (k)

+Zaz=T<k | k)Qi(k | kr)) ,

Iy = ($N+1PN+11'N+1 + Z k)Qz(k )) : (6.11)

k=0

[e=]

R‘

Note that J% does not contain any control input u, the problem of minimizing Jy is
converted into one that seeks the control input u such that J¥ is minimized, with the
constraint of (6.8). On the other hand, the optimal solution to the minimization of
J}, is the optimal estimate #(k|k) of x(k). Thus, the LQG problem is equivalent to
an LQR control in conjunction with an optimal filtering problem, i.e., we establish

a separation principle.

In the following, we first assume that &(k|k) is given and concerned with the LQR
problem associated with J¥. The solution follows from [97] which will be given
below. Our aim is to find the optimal controller of u;(7) (i = 0,1,--- ,I, 0 <7 < N),
in terms of the current estimated state x(7|7). The problem can be addressed by
shifting the time interval from [0, by to 7,7+ ] ( [97]). To this end, we introduce
the backward RDE equation

Pl = A"PI A+ Q- KM (K])", (6.12)
P17\—7—7'+1 = PN+17 T >0, (613)
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where
AT T T T
Aj = A —Kj(Bj) , (6.14)
K] = ATPl Bl (M])™", (6.15)
M] = Rj+(B])'P], Bj, (6.16)
and
B?"'aBi7 hl§<h’l )
BJT _ [Bo ] J +1 (6.17)
[307"' 7Bl]7 jzhla
diag{ Ry, -, R;}, h; <j <hii,
Ry = ot : 7=t (6.18)
diag{ROa"' 7Rl}7 j Z hl'
Denote
AT 2, (6.19)
AT & AT-CAT o m> (6.20)
Then, the optimal LQR solution is given by [97]
7+ 1 blocks
——
ui(k) = —1[0 -+ 01I,] %
hi
T . T ot .
([f('f(hi)} Bk k) + > [Frh)] @
j=1
+ Z [SE(h)]" @™ () — 1)> : (6.21)
Jj=h;+1
where
Bijuj(k+71—hj), hi <k <hjj,k+7<N
ﬂT(k:) A Z] =i+1 J( ]) +1 (622)
0, k> hy,
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S(0) = PRUAL)" By (M), (6.23)
S{k) = Fl(AL ) BIMD) ™ — (AL,) G (R)KT)0 < k < j — 1, (6.24)

Fi(k) = [I,— P[GT(j)A], K[, j <k <N, (6.25)
and

k —

Z AT )BT (M) (B]_)" AT, (6.26)

What remains is to derive the optimal estimate #(k|k) which is given in the next

subsection.

6.3.2 Calculation of the Kalman Filter z(k | k)

It is easy to know that z(k | k) is not a standard Kalman filter as the measurements
y(0),--- ,y(k + 1) are with multiple time delays. In order to calculate &(k | k),
we shall adopt the reorganized innovation analysis approach [50]. Note that the
measurement sequence {y(s), s =0,1,--- ,k} contains the same information about

the system as the reorganized sequence:

{yl+1<0>7 ,yz+1(kl); R yi(ki+1>7"' 7%(/{7@'71); MR

yitkr +1), -5 n(k)}, (6.27)

where k; = k — d;,

yi(s) = : ' (6.28)
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It is clear that
where
Clo) V(o) (F)
Ci-1) vy (K + diy)
and v;(k) are white noises of zero means and covariances
Q’Ui = diag{QU(o)f" an(i,l)}aZ’ = 17 7l+1 (631)

Now we have the following result.

Theorem 6.3.1. Consider the system (6.1)-(6.2). The optimal filter &(k | k) is

gien by

(k| k) = [I, — Pu(k)CT Q' (K, 1)C1] &(k, 1) + Pu(k)CY Qg (k, Dy (k). (6.32)

where Qg (k, 1) = C1 P (k)CT +Q,,, while the estimator Z(k, 1) and the matriz Py (k)

are computed by

(ki1 +1,0) =
k.

Ai(kia+ L ki 4+ Da(k; + 1,0+ 1)

i—1
+ Ai(ki,1 + 1, S+ 1) [Kl(S)yl<S) + {L(Sﬂ s 1= l,l - 1, ey 1,

82k1+1
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where A;(m,m) = I,

l
a(s) = ZBiui(s—hi) (6.35)

As) = A—Ki(s)Ch, (6.36)
Kl(S) = AP%(S)CzTQ:vl(Sv Z)? (637)
Qu(s,i) = CiPi(s)Cl + Qu,, (6.38)

and P;(s) is the solution to the following Riccati equation,

Pi(s+1) = AP(s)AT — AP(s)CL QL (5,1)CiPi(s) AT + Qu,

In the above the initial values T(k;+1,1+1) and Pyq1(k;+ 1) are the terminal values

of the following standard Kalman filter

s+ 1,1+1) = Aa(s)z(s,l+ 1)+ als) + Kip1(s)yira(s),

#(0,14+1) = 0, (6.40)

where Ai11(s) = A — Ki41(8)Ciy1, Kisa1(s) = AP (s)CE Qg (5,1 + 1) and Pryq(s)

18 computed by

Pia(s+1) = APu(s)A" — AP (s)CLLQp' (5,1 + 1)Cria Py (s) AT + Qu,

Pi1(0) = (x(0),2(0)). (6.41)
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Proof: We begin the proof by introducing the following definitions:

1) The estimator £ (s,4) for s > k; + 1 denotes the optimal estimation of £(s) given

the observation

{w10), -+ S ywa (k) -5 wa(ki +1),--- L ya(s — 1)} (6.42)

2) For s = k; + 1, £(s,4) is the optimal estimation of £(s) given the observation

{4100), - Sy (k) o5 Y (ki + 1), Ly (k) ) (6.43)

Similarly, 9;(.,7) and Z(.,7) are defined. For ¢ = [ 4 1, it is clear that w(k,l + 1) is
the standard Kalman filtering innovation sequence for the system (6.1) and (6.29).

Define
wi(s,1) 2 y(s) — i(s, ). (6.44)

In view of (6.29), it follows

wi(s,1) = Cix(s,i) +vi(s), i

I
—_

SES N (6.45)

where

2(s,1) = x(s) —a(s,i), i=1,---,1+1, (6.46)

is the one step ahead prediction error of the state x(s) based on the observa-
tions (6.42) or (6.43). Thus, @(k | k) is the projection of the state z(k) onto the
Hilbert space spanned by the innovation sequence {w;1(0,0 4+ 1), w1 (k;, 1 +

1) wi(k + 1,4), -, wi(ki—q,4);- -+ 5wy (kg + 1,1),- -+ Jwy(k,1)}. Since w is a
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white noise, the filter Z(k | k) is calculated by using the projection formula as

2k | k)

= Proj{xz(k) | W1 (0,0 + 1), - ;w0 (ki, L+ 1); - 5w01 (b +1,1), -+ w1 (ky, 1)}
+Proj{z(k) | wi(k,1)}.

= 2(k, 1)+ E [z(k)o] (k,1)] Qg (k, 1wy (k, 1)

= @k 1) + Pu(k)CT Qg (k, 1) [yi (k) — Cri(k, 1)]

= [I. = Pi(R)CT Qg (k, 1)C1] &(k, 1) + Po(k)CT Qg (k, Dy (K), (6.47)

which is (6.32). Similarly, Z(s + 1,4) is the projection of the state (s + 1) onto the

linear space spanned by the innovation {w;1(0,1+1), - w1 (ky, I4+1);- -+ 5w (ki +
1,4), -+ ,w;(s,1)}, it follows from the projection formula that
(s +1,1)

= Proj{z(s+1) | w1(0, 1+ 1), ey (ki L+ 1); - 5wk + 1,4), -+ wi(s, i)}

= Proj{z(s+1) | w1(0,14+ 1), ;w1 (ki L+ 1);- - ;w;(k; + 1,4),- - ,w;(s — 1,4)}
+Proj{z(s+1) | w;(s,7)}

= AZ(s,i) + u(s) + Proj{w(s) | w;11(0,1 4+ 1), w1 (ky, { + 1);

s wi(k 4+ 1,4), - ywi(s — 1,4)} + Proj{z(s + 1) | wi(s,i)}. (6.48)

Noting that w(s) is uncorrelated with the innovation {w;;1(0,141), -+ , W41 (ki, I+
1), swi(ky + 1,4), -+ ,wi(s, 1)}, we have

B(s+1,40) = Ai(s,i)+ A E[z(s)w] (s,9)] Qg (s,7)w;(s) + (s)

= A@(s,i) + AP(s)CT Q5 (s,4) [yi(s) — Cia(s,4)] + u(s), (6.49)
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which can be rewritten as
T(s+1,4) = Ai(s)z(s,1) + Ki(s)yi(s) + u(s), (6.50)

with the initial value as &(k; +1,7) = Z(k; + 1,7+ 1). Note that for each 7, k; +1 <
S S ]Cz + dz - di—l = ki—l‘ From (650), it follows that

(ki +1,4) = Ai(kic)T(kica,9) + Ki(kio)yi(kicq) + a(ki—q)
= Ai(kis1)Ai(kia — D a(kio — 1,4)
+ A (kic1) K (kicy — Dyi(kion — 1) 4+ K (kiza)yi(kiz1)

A (ki) a(Eioy — 1) + (ki) (6.51)

= Ai(kic1)Ai(kioa — 1) - Aj(k + D)a(k; + 1,4) +

S Ak Akt — 1)+ A+ DEG0G) +

Jj=ki+1

szl
> Ailki)Ai(kia = 1)+ Ay + 1)a())
J=k;+1
= Aj(ki1+ 1,k + Dk +1,0) +
ki1
Z Ai(kicn + 1,7+ DK (G)yi(g) +

J=ki+1

i Ai(kioy 41,5 + D)a(s), (6.52)

Jj=ki+1

which is (6.33). Thus the proof is completed.

The main result is summarized as

Theorem 6.3.2. (LQG Control)
Consider the state-space model (6.1)-(6.2). Suppose the controller u;(k) is allowed
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to be a causal linear function of the measurements y(0),--- ,y(k), i.e.,

wi(k) = Fi(y(0),- -, y(k)). (6.53)

Then the optimal solution that minimizes (6.5) is given by (6.21), where &(k | k) is
the Kalman filter calculated by Theorem 6.3.1.

6.4 Examples

6.4.1 Simple Numerical Example

Consider the system (6.1) and (6.2) with [ =2, A =1, hg =0, hy =1, hy =
2, dy=0, dy =2, dy=3, N=100, B; =1, Cy =2, : =0,1,2. The parameters
of (6.3) and (6.5) are Py11 =2, R;=1,i=0,1,2, Q@ =2 and

z(0) (0) 1 0 0
< w(k) |5 | w(s) = |0 s O
vy (k) v () 0 0 Jps

The initial state z(0) = 50. By applying Theorem 6.3.1, we obtain the controller:

7+ 1 blocks
——
ui(k) = —1[0 -+ 01,] %

([Fg(hi)}T‘%(k | k) + Z [Ff )] G - 1)

j=1

+ > Sk G- 1)) ,

Jj=h;+1

The trajectories of the actual and estimated states are in Figure 6.1.
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50

— - estimated state
—— system state

a0

30

20

Figure 6.1: Actual system state and estimated state.

6.4.2 Application in Unilateral Delay Systems

Introduce a three-layer discrete-time unilateral delay system (see Figure 6.2) which

is similar to the continuous-time case [44]:

i, i, Uy
4, vy 4, vy 9y
> > > > >
22 Ay Z1 Ay Z 0
ry ry ry
—1; e @,

Figure 6.2: Unilateral delay system.
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ik +1) = Agi(k)+ Davy(k) + Bius (k) + E; (k)

w(k) = @k —h), vi(k) =gk —h), v(k) =0

yi(k) = Faik)+oi(k), i=0,1,2

where #;(k), q:(k), v:(k), vi(k), w;(k), @;(k), i = 0,1,2, are system states, layer
outputs, layer observed outputs, layer inputs, layer exogenous noises, layer observer
noises, respectively. w;(k), w;(k), ¢ =0, 1,2 are uncorrelated Gaussian white noises

with zero means and variances of 1.

In order to transform the unilateral delay system into the system with multiple

input delays, we define

(k) o (k) o (k)
v(k)= |z (k)| = | 21(k—=h) |, wk)=| w(k—nh) |,
2o (k) ok — 2h) o (k — 2h)
Yo (k) @o(k)
yk)=| gk —n) |, =k)=| &k —h) |,
ok — 2h) w(k — 2h)

and ho :O, hl = h, hg = 2h.

We obtain the system with multiple input delays (see Figure 6.3)

w(k+1) = Ax(k)+ Dw(k)+ Y Biu(k — hy)

y(k) = Fzx(k)+w(k)
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[ |
L2k 5
i i 4
22 > Zl > —
rFy sz F s Z%
-2k -k v
z‘ Erz.. o, Z‘ :‘gl — @,
wJ jr:e w‘l yl yD
Figure 6.3: Auxiliary form.
where
Ay FoCr 0 Dy 0 0
A= 0 Al Elég ) D = 0 Dl 0
0 0 Az 0 0 D2
By 0 0
BO - 0 ) Bl - Bl ) B2 = 0
0 0 B,
F, 0 0
F=10 F 0
0 0 F
The performance index of the unilateral delay system is given by
N 2
In=E [ ()ao(k) + > ul (k — hi)u;(k — hy)). (6.54)

Assume that initial conditions u;(t) = 0, t < 0, ¢ = 0,1,2, and var[z(0)]

k=0 =0

diag{1,1,1}, where var(-) denotes variance. Then, (6.54) has an equivalent ex-
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pression as (6.5) where Py,1 =0, R; =1, i =0,1,2 and

CICy 0 0
Q= 0 00
0 00

In order to simplify the computation, we set the parameters A, =C;=D, =B, =
F,=1i=0,1,2, Eg=—05, E; = —0.7, h =1, and N = 100. So we can solve

the LQG control problem for unilateral delay system with Theorem 6.3.2.

Figure 6.4 shows the performances of actual system state and estimated state where
z(0) = diag{20,20,20} and Figure 6.5 shows the control inputs. The simulation
shows that our approach in this chapter can achieve good performance for the uni-

lateral delay system.

20

10

%, (K)
0

-10
6]

20

10
%,(K)
0

~10 I I I I I I I I I
0]

30

20 — - estimated system state | -
7\ —— real system state
*Mo

-10 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
k (Time)

Figure 6.4: System state and estimated state.
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c
N
—~
X
<
o
T
|

0 10 20 30 40 50 60 70 80 90 100

|
(6] 10 20 30 40 50 60 70 80 90 100
k (Time)

Figure 6.5: Control inputs.

The minimization result of Jy is related to the time delay h. When h is larger, Jy
becomes larger too, e.g. Jy = 620.9082 when h = 1, however, Jy = 868.6360 when
h = 2. This fact demonstrates that time delays make the performance of output

feedback control worse.

Remark 6.4.1. In [26], delays in the unilateral system are approzimated by a finite
dimensional model. Here, we provide a direct solution to the LQG problem for

unilateral delay systems without introducing any approximation.

6.5 Conclusion

We have investigated the discrete-time LQG problem in finite horizon for systems

with multiple input/output delays. A separation principle has been obtained which
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divides the LQG problem into the LQR control for the multiple input delays system
and the H, filtering problem with multiple output delays. For the filtering problem,
a reorganized innovation analysis approach has been proposed. Our approach has an
advantage in computation compared with the state augmentation approach. Further

research on continuous-time counterpart can be carried out.
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Chapter 7

H~, Control for Linear Systems

with Multiple Input Delays

7.1 Introduction

In this chapter, we shall discuss the H,, control for systems with multiple input
delays. In the last few years, some important progress has been made for the H.,
control of systems with I/O delays. Tadmor [83] obtains a necessary and sufficient
condition for the H, control of continuous-time systems with single input delay and
an H,, controller is given in terms of solutions of two algebraic Riccati equations
and one differential Riccati equation over the delay interval. Mirkin [55] treats the
time delay controllers as constrained ones and extracts time delay controllers from
the parametrization of all delay-free controllers. Meinsma and Zwart [53] use a
special controller transformation to reduce a standard H,, problem to an equivalent
finite dimensional one. Meinsma and Mirkin [52] treat the multiple delay operator
as a special series of nested elementary delay operators. Kojima and Ishijima [44]
discuss the problem in function space and transform the resulting operator Riccati

equations into algebraic Riccati equations. Zhang et al. [99,102] give an elegant

119



7.2 Problem Statement 120

solution for discrete-time systems where a duality between the LQR problem with
multiple input delays and a smoothing problem for a backward stochastic delay free

system is provided.

In this chapter, we discuss the discrete-time H,, control problem for systems with
multiple input delays. Our work is based on [99] where the H., full information
control and H,, control with single input delay are considered. We consider a more
general case where cross terms of state and control inputs exist in the cost function.
An H,, controller is in terms of an RDE. Moreover, the Hy optimal controller is
obtained when the H,, performance 7 is set to infinity. At last, we apply our result
to the congestion control in ATM network by transforming the congestion network

model to a linear system with multiple input delays.

7.2 Problem Statement

We consider a time-variant linear system with multiple delayed inputs

z(k) = Crz(k) + i: D; yui(k — h;), (7.2)

where z(k) € R", u;(k) € R™ w(k) € R? and z(k) € R" represent the state, the
control input, the exogenous input, and the controlled output, respectively. We
assume that u;(k) = 0 when k < 0. Ay, Biy, B, Cy, and D;;, are bounded time-
varying matrices. It is assumed that the exogenous input is from ¢5[0, N| where
N is the time-horizon of the control problem under investigation. Without loss of
generality, we assume that the delays are in a strictly increasing order: 0 < hy <

... <h d-
For a given positive scalar v, the finite-horizon H,, state feedback control problem
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is stated as:
Find a control strategy
wi(k) = Fi(x(k),uj(r)|[1 <j<d, 0<7<k),
1=1,2,---,d (7.3)

such that for any non-zero w € (5[0, N,

el _ -

[lwll

under zero initial condition x(k) =0, —hy <k <0.

7.3 Design of H,, Controller

Define Jy = ||z||[20’N] - v2||w|\[207N], ho = 0, up(k) £ w(k) and

P .
Uo(k’ — ho)
hi <k < hiti,
=0, d—1,
_Ul(k — hz)_
u(k) = 4
UO(]C — ho)
’ k Z hd
L _ud(k — hd)_
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Then, the cost function Jy can be rewritten as:
Z 2T (k) Qe (k) + u (k) Ryu(k) + u” (k) Ly (k)
+at (k) L u(k) (7.5)
where
Qk = C’kTC’k, (7.6)
Dzk — [le DQ,k Dzk] 1 1727 7d
(7.7)
)
—2I 0 hi <k <hi
0  DIDiy = 1,2, d—1
Ry = (7.8)
—~2T 0
! B , k > hyg
\ 0 ngde k
)
0
) hi <k < h’b+l
D!,.Ck
L, = (7.9)
0
3 , k > hg.
| \D1.a
Also, note that the system (7.1) can be written as
d
w(k+1) = Aga(k) + > Bisui(k — hy) (7.10)

1=0

where By ), = B.
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Denote

d
ak) & > jmiv1 Bikuj(k = hj), hi <k < higa, (7.11)

07 k > hd7

Boy -+ Bigl, hi <k <hy,
B, — [Bo 2 i (7.12)
[Bog -+ Taxl, k> ha,

z(0)
u(0)
(0
£ = (_) Lus | (7.13)
u(N)
t(hg — 1)
Using the above notations and taking into account that u;(k) =0, ¢ =0,1,--- ,d,

for k < 0, system (7.10) can be rewritten as

ek+1)=4{ " (B) + Biulk) + (k) ! (7.14)
Awz(k) + Byu(k), k> ha.

Associated with system (7.14) and the cost (7.5), we introduce the following stochas-

tic system:

(7.15)

where x(N + 1) = 0 and

<u(k),u(s) > = Qrigs,
<v(k),v(s) > = Rilys,
<u(k),v(s) > = Lgbis,
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1, k=s,

where d;, s =
0, k#s.

Remark 7.3.1. In (7.15), the covariance Ry of the measurement noise is indefinite
as seen from (71.8). Therefore, the system (7.15) should be studied in Krein space
( [35]) rather than Hilbert space.

Denote

y(N) x(ha)

We introduce the following lemma to bridge the deterministic H,, problem and a

stochastic optimization problem.

Lemma 7.3.1. The cost function Jy can be given by

Iy = 11 (7.16)

RXO Rxoy ©

where £ and u are defined in (7.13), 11 = , and Ryy =< x,y >.

y°Xo Ryc
Proof: The proof follows a similar line of arguments as in [97].

From the above lemma, when Rye is invertible, the minimizing solution over u for

Jy is known to be ( [35])

/ll - _RiclR Cx,
e Ryoxal . (7.17)
= —Ry{Ryex0)z(0) — Y12 Ryd Ryex(iyi(k — 1).

Remark 7.3.2. Observe that RydRyexy in (7.17) is in fact the transpose of the
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filtering (k = 0) or smoothing gain (k = 1,2,--

-, ha) of the stochastic backward

system (7.15) in Krein space. Thus, the standard estimation theory can be applied

to obtain the gain.

The following result is then given. The detail of the derivation is similar to [99] and

is omitted.

Theorem 7.3.1. Consider the system (7.1)-(7.2) and the performance (7.4). For

a given v >0 and 0 <7 < N, assume that the RDE

T T T
Pj = AT+ij+1AT+j +

X (R} + (Bf)" Pl B)) " ((B]) Pl Aryy + L)

with initial condition Py__, =0,

Qr—i-j - (AZ-s-ijT-HB; + (LJT)T>

B [Bojirs =+ s Bijirls hi <J<hipa
i .
[B07j+7'7 Tty Bd,j—i—‘r]; ] > hd;
(
0 .
- ;o hi <j<hip
Dz?;j+‘rcj+‘r
Li =
0 .
_ , ] > hd7
L Dtji:j-&-TCjJrT
and
(
—*I 0 hi <J < hiy
0 DI . D) i=12---,d-1
R; =
2
-1 0 _
_ _ ] > hda
0 D£j+TDd7j+T
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admits a bounded solution P;, j =0,1,--- ,min{hq, N — 7+ 1}. Then a controller

that solves the H,, state feedback control problem exists if and only if

M (k) <0, (7.18)

where My 1(k) is the (1,1) block of Mj:

/

diag{Bg, Bfka B B({,k}[pkﬂ(iaj)](dH)X(dH)
xdiag{ By, Bix," " Bax}
+diag{—7*Ip, D§}Day},

kSN—hd;

diag{ B[, Bi, -, Bl Prs1(i, )] arnyx @)
xdiag{ By, By, Bix}
+diag{—~*1,, D} Dix},
N—hy <kE<N-N

with Py (i, j):

h;—1
Pr(i, ) = P (Aq, )" (AR )" = > PL(A7 )" (A1) " B]
s=0

< (M) B P (AL )" (AL )T i >
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In this case, a suitable H,, controller (central controller) ul(T) is given by

i+ 1 blocks
ui(t)=—=[0 - 0 LJ{[F5h)]"x(r)
hi
+ 3 [F(hi = 1) Z 1t (L7 —hy — 1)
=1 j=i+1
ha
+ ) (S (h Z Bjiprui(l+7—h; — 1)},
I=h;+1 j=it1
i=1,2,--- d, (7.19)
where
Frg) = {A7--- A,
!
=Y AT(s) (B AT AT MR 1< G <11,
s=1
S = AG+1)
J
—{D AT (B )AL AT JKT 1< <11,
s=1
S§(0) = A1),
0, I < s,
i(s) = PIBl (M) =5,
Pr(AT )" - (AD)"BL (M), 1>,
with

A} = AZ—H_K;(B;)T?
K] = AT,PLBO0),

T_T ™T pr  RT
M] = Rl +(B)"P.,B].

Jj+1

Remark 7.3.3. Note that in [99], the H, full-information control problem is in-
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vestigated. Here, we consider the state feedback H., control for system with multiple

mput delays.

Remark 7.3.4. It is well known that the optimal Hy control solution can be obtained
by setting v — oo in the corresponding H., control solution. Thus, consider the
system (7.1)-(7.2), where w is a white noise with unit variance. The Hs state
feedback control problem is to find an optimal state feedback law that minimizes

E(||z]|?), where E(-) stands for the mathematical expectation.

Denote
. [Birik -+ Birsr], hi <k <hia,
Bk‘ =
[BI,T-‘rk: e Bd,‘l’-i—k]a k Z h'da
LT . (le)TOkv hl S k< hi+17
k= _
(Dgyk)TCk, k> hd,
72—:]6 = [D1,7+k_h1 D2,7—+k—h2 Diﬂ'-l-k—hi]v
i=1,2---.d,
and

DI\ Diy, hi <k <hi,
Dzljde,ka k > hd.

Introduce the Riccati equation

Pl = AL PlaAe+ Qe — (AL PLa B + (E)7)
X (R 4+ (B} PLaB) ™ (BT Pl vy + ),

Py . =0. (7.20)
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The optimal Hy controller can be given by

1 blocks

ui(r)=—lo - 0 LJF ()] x(7)

d
+ Z h - l Z Bj7l+-r,1’uj‘(l +7 - hj — 1)

j—i—‘,—l
+ Z S/ (R ZBJH‘T 1ui(l+7—hy = 1)},
l=h;+1 Jj=i+1
1=0,1,2,--- ,d, (7.21)
where
Frg) = {AT--- Al
!
=Y AT (BL) AT AT KT, (7.22)
s=1
S = AG+1)
J
) A(s)(BL)"AT - AT YK,
s=1
1<7<1-1, (7.23)
S§(0) = A1),
0, I < s,
i(s) = PrBI (M7 4)7Y 1=5, (7.24)
By (AT )" - (AT BL (M), 1> s,
with

A = AL - KB,
T T T T T
K] = AT PL BI(M])™

T+j" j+1

MT = R]T (BT)TR]T+1BT
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and Bf £ 0.

7.4 Example

In this section, we revisit the ATM congestion control problem. The ATM system
model and symbols are the same as in Section 4.4.1 except that we consider multiple

input rates here. The queue length equation is given by

d
k+1 = G+ Zﬁ,k — Hk;
i;l
= gt Z Ui f—h; — Moks (7.25)
i=1
fe = pi+ G (7.26)
1
G = i liCk—i + wy—1, (7.27)
i=1

where p is the constant nominal service rate, r;; and ;_p, are respectively the
input rate of i-th source and the calculated i-th source rate at switch, {l;}i=12,...
are known parameters. wy, is a zero-mean i.i.d. Gaussian sequence with variance p*.

h; is the round trip delay of the i-th source.
The H., congestion control problem is given below.

Find a source rate @ such that

Sup I (G0, Wi gy ) <7 (7.28)

{a0,%i,t—p;10<i<d,0<k<N—h;}

for a prescribed v > 0, where

N d
Sollae —q)* + 2 N(Tig — aipie)?]
‘](q07 ai,k—hm ﬂk) = =l =1 5 (729)

N
> wy
t=1
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where q is the target queue length, \ is a weighting factor and 0 # w € £3[0, N].

It is clear that the objective is to make the queue buffer close to the desired level
while the difference between the source rate and the service rate should not be too
large. The above criterion combines the performance of queue length and accumu-

lation of the difference between switch input and output.

We assume that link capacity is a second order AR process, i.e. p; = 2 [3]. To
formulate the above congestion control as the H,, control problem for systems with

multiple inputs studied in the previous section, define

qr — q
Ce—1 | >

Cr
wi(k —h;) = Ug—p, — ais,

8
—~

Ny
~—

>

qr — 4 dr — ¢
A | Ao — anp) A1 (k= hy) — a1r)
2(k) = . = . :
ANTak — aapi) AN0a(k — ha) — aqlr)
wk) = wy.
d
Here a; is the weight for different source rates and »_ a; = 1.

i=1

The system (7.25)-(7.27) can be expressed as the form of (7.1)-(7.2) with

1 0 -1 0 1

Ar=10 0 1|, Bx=|0]|, Bis=1]0
0 1, [ 1 0

From the cost function (7.29), it is easy to know that Qx, R and Ly of (7.5) are
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given by
10 0
i 0
Qe = |0 0 0 , Ry = E
0 A1
00 ¥ a?
0 0 0
Ly = o o0 o |
0 —ar -+ —ayp
1, hi§k<hi+1,i:1,2,"',d—1
where ¥(k) = and I is an identity matrix

d, k> hg
of appropriate dimension.

An H,, controller u;(7) can be obtained using Theorem 7.3.1.

Remark 7.4.1. Note that in congestion control F(j), Sy (4), M11(k) and Tj4r 1
are known or can be calculated off-line, so the source rates (controller) can be com-

puted real time.

We consider that the congestion control model has the same parameters as that of
Chapter 4, except that w € f5[0, N]. We further assume that there are 4 sources
with round trip delay from 1 to 4, respectively. Time length is 100 and we set
v = 15. The weighting between the queue length and the transmission rate is A =1
and a; = 1/d(i = 1,2,--- ,d) are the source sharing. Simulation result is in Figure
7.1 and 7.2. The vertical axis in Figure 7.1 is queue length ¢, and the controllers
u;(k) in Figure 7.2 are defined as w;(k) = @;x — a;p0 where 4, are calculated i-th
source rate at switch and p is the constant nominal service rate. The initial queue
length of the congested switch is set to be 5100. From Figure 7.1 we can see that

the queue length quickly converges to the target queue length.
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Figure 7.1: Queue length response.

7.5 Conclusion

This chapter has addressed the H., control problem for systems with multiple input
delays. We extended the existing work [99] where the H,, full-information control
is studied, by allowing cross terms of state and delayed inputs in the quadratic cri-
terion. The key to solve the H,, problem is the duality between the H., control
problem and a smoothing estimation problem for an associated system without de-
lays. We also applied the H,, technique to multi-user-one-switch congestion control
in ATM networks. Compared with the existing results of ATM congestion control,
our approach has the advantage of lower computational cost as no state augmen-
tation is needed. The simulation demonstrated the effectiveness of the proposed

approach.
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Chapter 8

Sampled-data LQR Control for
Systems with Multiple Input

Delays

8.1 Introduction

Sampled-data control is commonly used in digital control and communication and
has been extensively studied in the early 1990’s [4,9,11,38,81,88]. There are several
methods to deal with SD systems: direct method [95], frequency domain method [74]
and lifting method [87].

There are some works about SD systems with 1/O delays, e.g. [23,25,69]. Lyapunov-
Krasovskii functional is used to get sufficient stability conditions for the H,, control
problem in [23,25] where the controller relies on the bound of I/O delay and it is a
suboptimal result. A lifting method is used in [69] to deal with single time delay Ho
problem. To the best of our knowledge, SD control for systems with multiple input

delays has not been solved yet. The work in this chapter is primarily motivated
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by Zhang et al. [97,98] where the LQR problem for both the discrete-time and

continuous-time systems with multiple input delays is studied.

In this chapter, we study SD systems with zero-order hold (ZOH) controllers. We
first convert the sampled-data LQR problem into the LQR for a continuous-time
system by introducing Dirac delta function. The ‘continuous-time’ system has mul-
tiple input delays, for which the LQR solution can be obtained using the result
of [98]. After some basic algebraic manipulations, we derive the LQR sampled-data

controller with ZOH.

8.2 Problem Statement

In this section, we formulate the sampled-data LQR problem for systems with the

zero-order hold.

Consider the system with multiple input delays described by:

i(t) = A(t) + Z B uy(t — (8.1)

where z(t) € R", w;(t) € R™ are the system state and the i, control input,

respectively, h;, © = 1,2,---.,d, is the iy input delay which is assumed to be
known. Without loss of generality, we assume that 0 < hy < hy < -+ < hy
and m; =m, ¢ =1,2,--- ,d. The initial state is

o(t) = ¢(t), —ha <t <0. (8.2)
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The cost function is given by

th = ;[z;Ptf;ctf—{—/ QIE dt+2/ Rlzuz( )dt+
0

d
+> Yo (uf(p) — uf (jp7)) Rai(wi(ip) — wi(jp™))  (8.3)
i=1 jljpel0,ts—hi].j€Z
where w;(jp~) = wi(t)|(t < jp and t — jp — 0), p is the sampling period, t; is
the time horizon under consideration, and the matrices P, i Ry, Re; and @ are
weighting matrices with Ry, positive definite and R, ; and () positive semi-definite.
Here, we do not require R, ; to be positive definite since the zero-order hold will be
used and we are concerned with input at sampling instants. In order to simplify the
discussion, we assume that h; and t; are multiple of p, i.e. h; = k;p and ty = Np

where k;, N € N. We also assume that u;(t) = 0 for ¢ < 0.

Remark 8.2.1. Note that in the standard Hy and Ho, sampled-data control (see [9]
and [81], respectively), the cost function only involves the first control input term
in (8.3) which can be considered as the total energy cost. The second control input
term in (8.3) can be considered as the penalty on input jump at sampling instant
and it is introduced also for the reason that in our approach to be introduced later,
we need to use this term for controller design [77]. Observe that since we shall only
consider the zero-order hold, the cost function of (8.3) is also meaningful if we set

Ry, to be zero.

Since w;(t) is constant for kp <t < (k+ 1)p, we can write w;(¢) in the form:

N—k;

ui(t):/o J(T)dr, (T Z fi 0( (8.4)

where 0(t) is the Dirac delta function.

The problem of sampled-data LQR with the zero-order hold is then stated as:
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Find the control inputs u;(t), 0 < t < ty — h; or equivalently y;; of (8.4), j =
0,1,--+,N — ks, i = 1,2,--- ,d based on the sampled state x(kp), kp < t, that

minimize the cost (8.3).

8.3 Design of Sampled-Data LQR Controller

In this section, we shall present a solution to the sampled-data LQR problem. We
adopt the approach in [77] where the sampled-data H, control problem for systems

without delays is tackled by augmenting the system state with control input.

First, denote

x(t)
I 55)
uq(t — hq)
(0, 0<t<hy,
a1 (t — hy)
, hy <t < hjy,
a(t) = i (t — hy) (8.6)
Uy (t — hy)
, t > hq,
|\t = ha)
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0
u1(t —h
1( 1) ) 0 <t< h17
tq(t — hq)
0
at) £ | : (8.7)
0
s hi << iy,
Uis1(t — his1)
Uq(t — hq)
0, t> hy.

In view of the assumption that u;(t) = 0 for ¢t < 0, (8.1) can be expressed as the

following equivalent augmented system:

i(t) = ) 2 (8.8)
Az(t) + > Bretu(t — hy), t > hyg
=1
A& (t) + Bya(t) +a(t), hi <t < hip (58.9)
Az (t) + Bya(t), t > hg, '
where
Ay Bl,t Tt Bd,t
_ o o -~ 0
0 O 0
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(
0
0
_ 11, t > hl;
By = (8.11)
0
0
0, t < hl,
\
(0, 0<t<h,
Bt = [Bl,t7 e aBi,t]7 h”L S t < hi+17 (812)
L [Bl,ta e JBd,t]7 t Z h'd7

and the identity matrix I in By is in the (I + 1) — th row block.

By taking into consideration of (8.4), it is easy to know that the cost function (8.3)

can be rewritten as
d ty ty
T, = a Pywg 4y / ul' (t — hy) Ry jui(t — hy)dt + / 2T () Qu(t)dt
i=1 0 0

- bt ~T 1 ~
+ ZZ:;/O u; (t) <R2,i Zj\f:_ol 5t — jp)) a,; (t)dt (8.13)

- ty - ty -
= & Py, + /0 L ()Q,z(t)dt + /O a” (t) Ryu(t)dt, (8.14)
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where
Ty, = 2(ty), (8.15)
Ptf = diag{PtpOa"' 70}7 (816)
Qi = diag{Q, Ry, -, R}, (8.17)
. 1 _
Ry = - — R, (8.18)
Z;'Vzol o(t — jp)
Oa O S t < hla
R = diag{Ra1, -+, Rai}, hi <t < hiy, (8.19)

diag{RQ,la e 7R2,d}7 t 2 hd'

We observe that the cost function (8.14) is now in the form of standard quadratic cost
function for continuous-time systems. Note that the LQR problem for continuous-
time systems with input delays has been addressed in [98] where the analogue state

x(t) is available for feedback.

In the following, we shall apply the result of [98] and demonstrate how the optimal

control based on the sampled state z(jp) can be obtained.

To this end, we introduce the following RDE:

dP(t - - ~ . .
P AP+ POA+ G- KRET, P =By (520)
associated with the system (8.9) and the cost (8.14), where

K, = P(t)B(R,) ™ (8.21)

and B, is defined in (8.12).
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Note that

K.R,KI' = P(t)B,R;'R,R;'BI'P(t)

— P)B Y 6t — jp) R BIP(), (5.22)
which implies that KthKtT =0 when t € [(j —1)p,jp) and Kt]:?thT — oo for
t=jp.

Therefore, for t € [(j — 1)p, jp), the RDE (8.20) becomes

_%f) — ATP(t) + P()A, + O, (8.23)

whereas at sampling instant ¢t = jp, (8.20) can be rewritten as

P) = ~K R KT (824

By taking into consideration of (8.21), we have

=2

—P(t) = —P() B BIP(t) = —P(t)B, S 6t — jp) R 'BIP(t)  (8.25)

=0
or yet
AP () _ AN el pr
————~=-b ; §(t — jp)R; "B (8.26)

We now approximate §(t) by x[0_1(¢) — 6_1(t — A)] where d_; is the unit Heaviside
step function at ¢ = 0 [77]. By taking the integration of (8.26) from jp~ to jp, we
obtain

—P~'(jp) + P~} (jp") = By R}, B},
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ie.,

P(jp~) = PUP + BjR;, B, P(ip)] ™" (8.27)

From (8.20) and (8.27), we know that P(t) will be continuous inter-samples but

there is a jump at each sampling instant.

With the solution of the RDE (8.23) and (8.27), the optimal control is given by [98]:

w(jp) = —K(jp+hi) / K1 (jp + hi, s)i*(s)ds — hhd K (jp + hiy s)a" (s)ds
= —Ra(p + h)r(0) = Ku(Gp+ hoJur(=ha) = -+ = Kaalip + hiJua(—ha)
— /Ohi K1(jp + hi, s)i*(s)ds — hhd Ky(jp + hi, s)u*(s)ds (8.28)
where h7 is defined as k" < h; and (b — hy) — 0,
No1
K(jp+h) = Ry ) 6(jp—kp)Bljn, P(ip + hi)[¥(0, jp + h:)]",(8.29)
-
Ki(jp+hi,s) = Ry; > d(jp —kp)Blj, 4, PUp + hi)
x[W k:)jp +h)|" (L, — G(s)P(s)], (8.30)
N-1
Ky(jp+hivs) = Ryl Y 0(jp—kp)Bl, p1n — P(ip + hi)G(jp + hi)]
x\I/(;povL hi,s)P(s), (8.31)
K() = [Kio() Ku() - Ku()), (8.32)
and
G(s) = [ (0o B A B s)ar
= > [9(p.s) Bk, BLU(ip, s), (8.33)

Jl0<jp<s
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while U(s,-) is the transition matrix of

—A, = K,BT — AT, (8.34)
Recall the definition
N*Hi
u(r) = (T — kp) i -
k=0

Then, by taking integration of (8.28) from jp~ to jp and taking into consideration
(8.29)-(8.32), we get

W = —Kio(jp + hi)z(0) — Ki1(jp + hi)us(—hy) — -+« — K1a(jp + hi)ua(—ha)
h; hq
— / Ki(jp + hi, s)u*(s)ds — Ky(jp + hy, s)u*(s)ds (8.35)
0 hy
where

K(jp+hi) = Ry Bl P(ip+h)[¥(0,jp+hi)]",
Ki\(jp+ hi,s) = Ry Bl P(jp+ hi) [ (s, jp+ hi)]" [I, — G(s)P(s)],
Ka(jp+ hiys) = RyiBl [ — P(ip + hi)G(ip + hi) ]V (jp + hi, s)P(s),

K() = [Kw() Ku() - Kua()]:

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

8.3 Design of Sampled-Data LQR Controller 145

We further note that

n
/ Ki(jp+ hs, )i (s)ds
0

i1
k+1

= Ki(jp+ hi,s) | N1 ds

kz:; /hk 1 ) pu0(s — i, — Ip)

N
Il
o

N—-1
> Haid(s — hq —Ilp)
=0

= 0, (8.36)
where hy £ 0.
Similarly,
hq
Ks(jp + hiy s)u*(s)ds
h;
0
d hy 0
- Ko(ip + hi,s) | A2 ds
k;'Jrl hi—1 2 ) ZZO pa0(s — hy — Ip)
N-1
> Hai0(s — ha —Ip)
1=0
= 0. (8.37)

Moreover, note that u;(7) = 0 if 7 < 0, the optimal control is given by

u; (jp) = —Kio(jp + ha)z(0). (8.38)
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However, the above optimal control is given in terms of the initial state z(0) rather
than the current state z(jp). This problem can be addressed by shifting the time
interval from [0, hy] to [7,7 + hy]. Here, we introduce the following notations. For

any given 7 > 0, denote

(T +1)
U1(7+t—h1)
) ,
Ud(7'+t—hd)
.
0, 0<t<mh
111(7'+t—h1)
, hi <t < hip
’al(T—f-t—hl)
) t 2 h/da
L ﬁd(T—Ft—hd)
p
0
u(t+t—nh
1 V L 0<t<h
fbd(T—f-t—hd)
0
at) =
0
;o <t <hgy, t+7 <ty
ﬂl(T—l—t—hl>
fbd(T—i‘t—hd)
Lo, t> hy.
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Define the following RDE:

aPT(t) - . - -
S AL P+ P A+ Qe — KR ()T (8.39)

with initial condition P7(t; —7) = B, ;» Where

- 1 _
Ry = — R, (8.40)
> 0(t+71—jp)
=0
(0, 0<t<h
R} = diag{Ra7, -+, Rai}, hi <t <hi (8.41)

\ diag{RQ,la e 7R2,d}7 t Z hda

0, O§t<h1

Bf = {[Bugr Birer), hi St <hin (842)

\ [Bl,t+77 T aBd,t+T]7 t Z hd7

KT = P (t)BJ(R])™". (8.43)

Furthermore, the RDE (8.39) is equivalent to

dP7(t - - ~ . .
- dt< ) = AZ+tPT(t)+PT(t>AT+t+QT+t7 T#]pate [O7p)7.7 :0717”' )
PP(07) = PPO)I + By (R (B PP(0)] 7, (8.44)

Similar to the case of 7 = 0, the optimal controller can be expressed as

hi , ha ,
i, = —KP(h)i(0) - / K (hy, )P (s)ds — / KiP(hs, )" (s)ds
0 h;
= —K{g(hi)z(jp) — K{{(hi)ur(jp — ha) — - — K{j(hi)ua(jp — ha)
h; ] ) hq ) )
_ / K (s, s)i(s)ds — | K3P(he, s)0i™ (s)ds, (8.45)
0 h;
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where
K7(h;) = Ry Bl PP(h)[WP(0,h:)]" (8.46)
K{P(hi,s) = RyiBl. ., PP(h)[WP(s, )] [I, — G™P(s)PP(s)], (8.47)
KJ(hiys) = RyiBJ, I — PP(hi)G7(hi)] 07 (hs, s)PP(s),  (8.48)
G7(s) = [ N B (B )
0
= ) [WP(kp, )" B (Rip) " (B W (kp, ), (8.49)
k|0<kp<s
K®(h;) = [K{B(h) K} (h;) -+ KT (hy)], (8.50)
and U™ (s,.) is the transition matrix of
—A7 = K[(B)" - (A])". (8.51)
Then,
0
. , ¢ ko 0
/ Ki?(h;, s)u’P*(s)ds = Ki{?(h;, s) Nt ds
0 k=1 e Yoo Mii6(s — hy —Ip+jp)

0
i hi/p=1 ' 0
=S Kb p)
k=1 ¢=hj_1/p Hke,j+C—hy /p
Hd,j+¢—ha/p

St taid(s — ha — Ip + jp)
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Similarly,
0
hq ) ) d hq/p ] O
K3 (hi, )i (s)ds = Y Y K§"(hi,(p)
hi k=i+1¢=hi_1/p [ j+C—hi/p
Hd,j+(—ha/p
So the controller (8.45) is simplified into
iy = — K5 (h)z(jp) — KT (i) (jp — b1) — - - = K{j(hi)ua(ip — ha)
0 0
i hg/p—1 ' 0 d ha/p ‘ 0
> > Ky - >, Ky :
k=1 ({=hy_1/p Hk,j+¢—hy/p k=i+1¢=hy_1/p Hk,j+¢—hy/p
Hd,j+¢—ha/p Hd,j+¢—ha/p
= —K{g(h)x(jp) — K{} (hi)ur (jp — ha) = - - = K{5(hi)ua(jp — ha)
0 0
7 Kp—1 ' 0 d Kd . O
=D > Ky - > Ky
k=1 C=kp_1 Mok j+C— ks k=i+1(=rjp_1 Mk j+¢ kg
Md j+¢—kq Hd,j+¢—kq
(8.52)

where . ; = 0 when j < 0. The last equality is derived according to the definition

of hy and ko £ 0.
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Theorem 8.3.1. Given linear time-varying system (8.1) with multiple input delays
and the LQR cost function (8.3), the optimal state feedback sampled-data controller

with ZOH is given by

k

J=0

where w; ; is defined as (8.52).

8.4 Example

Here we present a simple example to show the efficiency of our approach.

Introduce a system
(t) = x(t) + u(t — hy)
with quadratic performance

ty tf—hl
Ji, = xz;afxtf+/ a:T(t)Qx(t)dt—i—/ u” (t) Ryu(t)dt
0 0

+ > (u(gp) = ulip)) Ra(u(ip) — u(jp™)).

Jlip€[0,ty—h1]

where p = 0.1, hy =1, Q@ =2, By = Ry = 0.5, {y = 10, P, = 3. We further
assume that z(0) =1 and u(t) =0, ¢t < 0.
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According to Section 8.3, we have
_ 1
At = )
0
(
0
_ ;2> 1,
B = ¢\1
0, t < 1.
So the RDEs (Riccati differential equations) are
dP7(t 10 1 2 0
- d() = P7(t) + P7(t) + ,7=0,0.1,---,10,t € [0,0.1)
t 10 0 0 05
(8.54)
-1
. . 0 .
PP(07) = PP?0) [I+ PP(0) ,
0 2
PY0) = P(10) = ,j=0,1,---,10.
00
Now, the RDE (8.54) leads to
_PlTl - 2PlTl + 27
_sz = PL+ P,
Py = P,
—P}, = 2P}, +0.5.
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Hence, for ¢ty € [0,0.1),

PL(t) = e TP (to) + / te’Q(t"’)(—Q)da
= 0P (to) + 1)t0— 1,
PO = PG + [ P
= P () + (B fa) + 1 — o) 4 (1 )

PL(t) = Phlto) - / (2P} (0) + 0.5)do

= Py(to) Q/PfQ Ydo — 0.5(t — to)
to
= Pj(to) — 0.5(t —to) — 2[—e" " P, (to) + Piy(to)
1 1
H(PLi(to) + (=507 4 5+ €7 = 1) + (¢ —to) + 7" —1].

The solution of P(t) is shown in Figure 8.1, we can see that P(jp),j =0,1,---,99,

backward converges to a constant matrix and there is a jump at each sampling time

]pa jzla 799
We also have
—A7 = K[(BI)"—(AD"
= P7(s)BI(R])"N(B])" — (A])"
10
1 0

when 0 < s < hy. The last equality is derived according to BT = 0, when 0 < s < hj.

The transition matrix can then be achieved

_ ehi=s 0
WP (s, hy) = , 0< s < hy. (8.55)
—1+em—s 1
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Then
h1/p—1
* Jp Sl 5 Jp 0
pi; = —EKP(h)i(ip) — Y KI(hi,(p) , (8.56)
¢=0 H1,j+¢—h1/p
where

K(hy) = Ry'Bj, PP(h)[977(0, )],

J

K{"(h1,s) = Ry'Bj ., PP(ha)[ W7 (s, )| [I2 — G (5) PP (s))

and G’P(s) = 0 when 0 < s < hy, which is derived according to equation (8.49).
Furthermore, u(t) = Zf:o pj, kp <t < (k+1)p.

The control signal u(t) and the trajectory of the closed-loop system state z(t) are
shown in Figure 8.2 and Figure 8.3, respectively. We can see that z(t) converges to
zero quickly. There is a glitch in the Figure 8.3 because we assume initial condition
u(t) =0, t <0, and the input of the system is zero (i.e. open-loop) when ¢t < h;.
The control begins to affect the performance of z(¢) after time h; and z(t) is almost

equal to O when ¢t > 5.

8.5 Conclusion

We have studied the finite-horizon LQR problem for sampled-data systems with
multiple input delays. Dirac delta function is used to transform the SD system
into a ‘continuous’ LQR problem. The LQR SD controller is then derived from the
continuous LQR controller by some algebraic manipulations. Compared with other
approaches to sampled-data problems, our approach is easy to understand and has a
simple expression. A simple example is provided to show that the proposed method

is effective.
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Figure 8.2: Control signal u(t).

Figure 8.3: State trajectory.
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Chapter 9

Conclusion and Future Work

9.1 Conclusions

In this thesis, we have discussed some issues of robust deconvolution and optimal and
robust control of systems with input/output delays. We summarize the contributions

of the thesis in the following aspects.

We investigated robust deconvolution for SISO and MIMO time-delay systems with
a polynomial approach. The uncertainties under consideration appear in both the
numerator and denominator of the system model and input signal model. Fictitious
noises are introduced to evaluate the effect of the random parameter uncertainties
and the robust deconvolution estimator is given in terms of a Diophantine equa-
tion and a spectral factorization. For the SISO case, the deconvolution estimator
minimizes the mean square estimation error with respect to the uncertainties and
noises whose covariances are of known lower and upper bounds. For the MIMO
case, the covariances of uncertainties and noises are known and the covariances of

the fictitious noises are simplified with some algebraic manipulations.

We provided a solution to the H, optimal state feedback control for systems with
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time delay in the input. The system with time delay is transformed to a delay-
free time-varying system by state augmentation and the H, control design is then
formulated as a bilinear matrix inequality (BMIs) problem for which a sequential

linear programming method is applied.

We also addressed the H,, state feedback control for systems with time delay in
input. A Lyapunov-Krasovskii functional method is applied to obtain a sufficient
condition for stability analysis and an H,, controller is designed in terms of linear

matrix inequalities.

We proposed solutions for the Hy and H,, control for systems with multiple in-
put delays. The key to our development is the duality between the LQR control
with multiple input delays and a smoothing problem for an associated backward
stochastic delay free system. We also tackled the LQG problem for systems with
multiple I/O delays. A separation principle has been developed which converts the
LQG problem into a LQR problem plus the Kalman filtering. The Kalman filtering
with multiple output delays is derived using a re-organized innovation analysis. For
the H., case, we considered more general case than that in an existing literature
by incorporating cross terms of state and exogenous inputs in the quadratic cost

function.

Finally, we looked into the sampled-data LQR control with multiple input delays.
Dirac delta function has been introduced to transform the hybrid (continuous/discrete-
time) problem into a continuous-time form. State feedback controllers are expressed
in terms of the solution of the ‘continuous’ LQR problem. The sampled data con-

troller with zero-order hold is then obtained with some algebraic manipulations.
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9.2 Future work

In Chapters 2 and 3, we have studied the robust deconvolution estimation for time-
delay systems with random parameter uncertainties under the minimal mean square
error criterion where partial information about the statistics of input noise is as-
sumed. In the case when no information on the input noise statistics is available, a
robust deconvolution under an H,, performance criterion would be desirable. Thus,
it seems natural to extend the work in Chapters 2 and 3 to the robust H,, decon-

volution estimation for systems with random parameter uncertainty:.

In Chapters 6 and 7, we have investigated the finite horizon LQR, LQG and H
control problems for systems with multiple input delays. It remains challenging to
establish parallel results for the infinite horizon case where stability analysis for the
closed-loop system has to be carried out. Furthermore, the state feedback control

in Chapter 7 may be extended to the dynamic output feedback case.

We have investigated the optimal Hy and H,, control problems for systems with
multiple input delays. It would be interesting to study systems with uncertainty.
In this case, the question of whether a similar duality between an optimal control
problem and a smoothing estimation problem holds remains to be investigated.
Another problem worthy of investigating is the output feedback H,, control problem

for systems with multiple I/O delays.

In Chapter 8, we have investigated sampled-data LQR control problem for system
with multiple input delays. It is worth investigating the Hy and H,., sampled-data

control problems for systems with input delay.
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Appendix A Proof of Theorem
2.4.1

Proof: (a). Note from (2.23)-(2.24) that eg(k) and vo(k) can be expressed as

co(k) = D (k)Ue(K), (A1)
vo(k) = ALK)Vu(k), (A.2)

where D.(k) and Ap,(k) are as defined in (2.7) and (2.10), respectively, and U, (k)

and Y, (k) are as follows

Z/{e(k'):[u(/{}—l) < u(k —nd); e(k) - e(k—nc)]T7 (A.3)
Vulk) = [yt =1) - y(k—na); u(k—d) - ulk—d—nb);
v(k) - U(k_np)r. (A4)

Observe that D.(k) is independent of U, (k) and Ay, (k) is independent of Y, (k).
From Assumption 2.2.1, we know that e(k), v(k), eg(k) and vo(k) are mutually
uncorrelated. Actually, it is easy to verify that Fle(k)v(k)] = Ele(k)eo(k)] =
Ele(k)vy(k)] = E [v(k)eg(k)] = E [v(k)vo(k)] = E [eo(k)vo(k)] = 0. Thus, e(k), v(k),

eo(k) and vy(k) are mutually uncorrelated.

(b). Under Assumption 2.2.1, for any k # s, say k > s, D.(k) is independent of
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D.(s), U.(s) and U.(k). Then, we have

Eleo(k)] = B [DI(k)] EU:(k)] =0, (A5)

where E [DI (k)] = 0 has been applied. Hence, e(k) is a white noise with zero

mean. Similarly, we can show that vy(k) is a white noise with zero mean.

Next, we compute the covariances of eg(k) and vy(k). Define

Rue 2 B U(RUI ()], Ry = B VuR)VI(B)] (A6)
From (A.1), since D (k) is independent of U, (k), it follows that
o = B[] = B [DI W) EQU WU (R)YD.0)] = E [DF ()R D.(R)AT)
Similarly,

o0 = E[v(k)] = E[AL(K)RyuAm(k)] . (A.8)

On the other hand, from (6.6) we have

D10, {Ce(k) + eo(k)}
Q.e(k)

Ue(k) =

C 1
= D 'diag{Qa, Q.} e(k)+ | |elk) (A.9)
D 0
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where U, (k) is as defined in (A.3) and

o, = [q—l 2 q—nd]T, (A.10)

o = [t gt g (A11)

Since e(k) and e (k) are mutually uncorrelated white noises, using Parseval’s formula

yields the following

Rue = EU(k)U; ()]
1

= o f o) aastn el || e pJer || 1 o]otd x
271 |z|=1 ! D * * 0 e
. dz
diag{Qa, Qox}— (A.12)

We multiply the left side of (A.12) by DI (k) and the right side by D.(k), and take

the mathematical expectation E, it follows that

o0 = E[DI(k)U(k)UL (k)De(k)]

-1 C 1
= ET ]{ (DD,)™! [—AD Ac} [0* D*] o + [1 0] oy

T J|z)=1 D 0
—AD,

X % (A.13)
AC, | ?

Thus,
0¢ =005 + 7, (A.14)
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where
~ 24 (op)BEapap) (A.15)
70 - 271_2 ‘Z|:1 * * P 9 .
c - d
" o= ;m. jf (DD.)E[(~CAD + DAC)(—CAD + DAC),] ?Z (A.16)
|z|=1

By applying some simple algebra and noting that vy < 1, 79 and ~; are obtained as
(2.30) and (2.31), thus ¥ of (2.28) is obtained from (A.14). By applying a similar

discussion, we obtain (2.29). This completes the proof.
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